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Seven different triple sum formulas for 9j coefficients of the quantum algebra
uq(2) are derived, using for these purposes the usual expansion of q-9j coeffi-
cients in terms of q-6j coefficients and recent summation formulas of twisted
q-factorial series (resembling the very well-poised basic hypergeometric 5φ4
series) as q-generalizations of Dougall’s summation formula of the very well-
poised hypergeometric 4F3(−1) series. This way for q = 1 the new proof of
the known triple sum formula is proposed, as well as six new triple sum for-
mulas for 9j coefficients of the SU(2) group, in the angular momentum theory.
The mutual rearrangement possibilities of the derived triple sum formulas by
means of the Chu–Vandermonde summation formulas are considered and ap-
plied to derive several versions of double sum formulas for the stretched q-9j
coefficients, which give new rearrangement and summation formulas of special
Kampe´ de Fe´riet functions and their q-generalizations. Several fourfold sum
formulas [with each sum of the 5F4(1) or 5φ4 type] for the 12j coefficients of
the second kind (without braiding) of the SU(2) and uq(2) are proposed, as
well as expressions with five sums [of the 4F3(1) and 3F2(1) or 4φ3 and 3φ2
type] for the 12j coefficients of the first kind (with braiding) instead of the
usual expansion in terms of q-6j coefficients. Stretched and doubly stretched
q-12j coefficients [as triple, double or single sums, related to composed or sep-
arate hypergeometric 4F3(1) and 5F4(1) or 4φ3 and 5φ4 series, respectively]
are considered.
I. INTRODUCTION
The Wigner 9j coefficients arise as the recoupling coefficients of the four irreducible
representations (irreps) of the SU(2) group and play the important roles in the quantum
mechanical angular momentum theory.1–5 Many applications have also the 12j coefficients
of both kinds2,3 as the recoupling coefficients of the five irreps of the SU(2) group. There
are many known expressions for 9j coefficients as multiple series. Nevertheless, the most
compact formula (however, which does not represent any symmetry of 9j-symbol) was de-
rived originally by Aliˇsauskas and Jucys6 as a triple sum series, in frames of resolution of the
multiplicity-free (semistretched) coupling problem6,7 for the states of irreducible represen-
tations of the Sp(4) [SO(5)] group restricted to SU(2)×SU(2). In Ref. 3 it was also proved
after tedious rearrangement of the fourfold sum8 in frames of the usual angular momentum
[SU(2) representation theory] technique, by means of the Chu–Vandermonde summation for-
mulas. Different computational,9–12 polynomial,13,14 rearrangement,15–20 specification,21,22
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and other23 aspects of these multiple sum series were considered. Their analytical continua-
tion was also adapted24 for the isoscalar factors of the Clebsch–Gordan (CG) coefficients of
the Lorentz or SL(2, C) group.
Recently Rosengren25–27 proposed two new proofs of the triple sum formula for 9j coeffi-
cients of SU(1,1). His first proof25,26 was based on the use of the explicit coupling kernels in
the su(1,1) algebra, rather then in the su(2) algebra, when in the second case26,27 the usual
expansion1–4 of 9j coefficients of su(1,1) in terms of 6j coefficients was rearranged using the
appropriate expressions for the Racah coefficients in terms of the balanced hypergeomet-
ric 4F3(1) series and Dougall’s summation formula
28 of the very well-poised 4F3(−1) series
[which, in other words, corresponds to the factorial sum weighted with factor (2j + 1)].
For the quantum algebra uq(2), the expansion of the q-9j coefficients in terms of q-6j
coefficients was generalized by Nomura29–32 and Smirnov et al33 and extended to q-3nj
coefficients (particularly, of the first and the second kind) by Nomura,30,31 who discussed
their role in frames of the Yang–Baxter Relations. The corresponding summation formula
of the twisted q-factorial series [generalizing Dougall’s summation formula and resembling
(but not equivalent with) the very well-poised basic hypergeometric 5φ4 series, depending
on 3 parameters] needed for our purpose was derived by Aliˇsauskas34 and the twisted very
well-poised q-factorial series, resembling the basic hypergeometric 7φ6 series (depending on
5 parameters) appear in a new approach35 to the Clebsch–Gordan coefficients of uq(2). In
the uq(3) context, Aliˇsauskas
34 also used the summation formula of the q-factorial series
depending on 4 parameters which correspond to Dougall’s summation formula of the very
well-poised hypergeometric 5F4(1) or basic hypergeometric 6φ5 series.
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The main purpose of the present paper is to derive the all independent expressions with
the triple sums for the q-9j and the usual 9j coefficients, as well as to rearrange expressions
for the q-12j and the usual 12j coefficients of the both kinds into more convenient forms, with
minimal number of sums, or at least eliminating the cumbersome factorial sums weighted
with factors [2j + 1] or (2j + 1) from the compositions of the q-6j or usual 6j coefficients
expanded in different forms.
In Section II, the appropriate expressions for the 6j coefficients of SU(2) and uq(2) are
presented, as well as the rearranged expansions of 9j coefficients of uq(2) in terms of 6j co-
efficients, allowing us to generalize Rosengren’s27 approach with help of the new summation
formulas, weighted with factor [2j+1] (see Appendix A). In Section III, seven different triple
sum formulas for 9j coefficients of uq(2) are derived, their summation intervals and other
properties are compared. For q = 1 they turn either to known expression of Aliˇsauskas and
Jucys,6 or to six new triple sum formulas for 9j coefficients of SU(2). In Section IV, the
mutual rearrangement possibilities of new expressions by means of the Chu–Vandermonde
summation formulas (see Appendix B) are considered. Particularly, several versions (of
different classes) of the double sum formulas for the stretched 9j coefficients of uq(2) and
SU(2) are derived, which enable to get new relations and summation formulas (presented in
Appendix C) for special Kampe´ de Fe´riet functions48 and their q-generalizations (cf. Refs.
16,17).
Section V is devoted to rearrangement of the usual expansion formula (in terms of 6j and
q-6j coefficients) of 12j and q-12j coefficients of the second kind2,3,31 (i.e., without braiding30)
into the fourfold sums, using Dougall’s summation formula28 of the very well-poised 5F4(1)
series, depending on 4 parameters. Also, specific stretched and doubly stretched 12j and
2
q-12j coefficients of the second kind are studied. In Sec. VI, expressions of 12j and q-12j
coefficients of the first kind2,3 (with braiding31) in terms of q-6j coefficients are rearranged
using the transformation formula34 of the very well-poised 6F5(−1) series or q-factorial sums
(depending on 5 parameters and weighted with factors (2j + 1) or [2j + 1]), resembling
the very well-poised basic hypergeometric 7φ6 series. Variety of the stretched and doubly
stretched 12j and q-12j coefficients of the first kind are also considered.
II. PRELIMINARIES
A. Expressions for the 6j coefficients of SU(2) and uq(2)
The appropriate for our purpose expressions for the 6j (Racah) coefficients of SU(2)
(with the different or coinciding signs of summation parameters in 3 numerator q-factorial
arguments) were derived originally by Bandzaitis et al37 (see also Refs. 3,8), when Smirnov
et al38,39 rederived them for the Racah coefficients of uq(2). These two expressions, each in
two different versions, may be written as follows:{
a b e
d c f
}
q
=
∇[acf ]∇[dbf ]
∇[abe]∇[dce]
∑
z
(−1)a+b+c+d+z[c+ f − a+ z]!
[z]![a + c− f − z]![b+ d− f − z]!
×
[b+ f − d+ z]![a + d+ e− f − z]!
[e + f − a− d+ z]![2f + z + 1]!
(2.1a)
=
∇[acf ]∇[dbf ]
∇[abe]∇[dce]
∑
z
(−1)b+c+e+f+z[c+ d− e + z]!
[z]![c− d+ e− z]![b+ e− a− z]!
×
[a+ b− e + z]![2e− z]!
[a + d− e− f + z]![a + d− e+ f + z + 1]!
(2.1b)
and {
a b e
d c f
}(′)
q
=
∇[eab]∇[fbd]
∇[ecd]∇[fac]
∑
z
(−1)b+c+e+f+z[2b− z]!
[z]![b + e− a− z]![b+ f − d− z]!
×
[b+ e+ f − c− z]![b+ c+ e + f − z + 1]!
[a+ b+ e− z + 1]![b+ d+ f − z + 1]!
, (2.2a)
=
∇[eab]∇[fbd]
∇[ecd]∇[fac]
∑
z
(−1)b+e−a+z[a + b− e+ z]!
[z]![b + e− a− z]![a− e+ f − d+ z]!
×
[a− c+ f + z]![a + c+ f + z + 1]!
[2a+ z + 1]![a + d− e + f + z + 1]!
, (2.2b)
where ∇[abc] is asymmetric triangle coefficient,
∇[abc] =
(
[a + b− c]![a− b+ c]![a + b+ c+ 1]!
[b+ c− a]!
)1/2
, (2.3)
and Eqs. (2.2a)–(2.2b) are less effective than (2.1a) and (2.1b). Here and in what follows
[x], [x]!, (α|q)n, and
[
n
r
]
q
are, respectively, the q-numbers, q-factorials, q-Pochhammer sym-
bols, and q-binomial coefficients,
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[x] = (qx − q−x)/(q − q−1), [x]! = [x][x − 1]...[2][1], (2.4)
(α|q)n =
n−1∏
k=0
[α + k], [1]! = [0]! = (α|q)0 = 1, (2.5)
[
n
r
]
q
=
[n]!qn(n−r)
[r]![n− r]!
(2.6)
where (2.4) and (2.5) are invariant under substitution q ↔ q−1 and turn into usual integers
x, factorials x! and binomial coefficients
(
n
r
)
for q = 1.
We see that each parameter b, c, or e appears only twice in the factorial arguments
under the summation sign in (2.1a), as well as parameters b, c, or f in (2.1b) [which is
obtained after some shift of summation parameter in (2.1a)]. Similarly each parameter a, c,
or d appears only twice in the factorial arguments under the summation sign in (2.2a),
as well as parameters b, c, or d in (2.2b). Otherwise, each parameter a or d appears four
times in the factorial arguments under the summation sign in (2.1a) and (2.1b), as well
as parameters e or f in (2.2a) and (2.2b) and all the parameters in the most symmetric1,2
(Racah40) and the remaining expressions for 6j and q-6j coefficients,3,8,38,39 which include
only usual symmetric triangle coefficients ∆[abc] in the numerator and denominator before
the summation sign. Note that some triangular conditions restrict the summation intervals
in (2.1a) and (2.2a), or they are represented by definite differences of factorial arguments in
numerator and denominator, for example, (c+ f − a+ z)− (e+ f − a− d+ z) ≥ 0 in (2.1a),
or (b+ d+ f − z + 1)− (b+ e+ f − c− z)− 1 ≥ 0 in (2.2a).
It should be also noted, that only the expressions presented above (2.1a) and (2.2a) are
correlated with the Racah polynomials as introduced by Askey and Wilson, see Ref. 36. In
contrast, the most symmetric and the remaining expressions for the 6j and q-6j coefficients
turn into the Racah polynomials only after some Whipple (Bailey) or Sears transform36 of
the balanced hypergeometric 4F3(1) or 4φ3 series are used.
B. Rearrangement of expansions for q-9j coefficients
We use here the definition of the q-9j coefficients of uq(2) introduced by Nomura
29,32
in contrast with definition by Smirnov et al33, when the substitution q → q−1 is necessary.
These coefficients (q-9j symbols) may be extracted from the recoupling-braiding coefficients
of the states of four irreps and are invariant under even permutations of their rows or columns
and under transposition of 3× 3 array (interchange of their rows and columns),

a b e
c d f
h k g


q
=


e a b
f c d
g h k


q
=


c d f
h k g
a b e


q
=


a c h
b d k
e f g


q
= etc. (2.7)
Taking into account the braiding, in the case of odd permutations of their rows or columns,
the q-9j coefficients obey29,32

a b e
c d f
h k g


q
= A


a e b
c f d
h g k


q−1
= A


c d f
a b e
h k g


q−1
= etc., (2.8)
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where
A = (−1)a+b+c+d+e+f+g+h+kqZdeh+Zbcg+Zafk
and
Zdeh = −d(d + 1)− e(e + 1) − h(h + 1).
Let us consider some different versions of expansions29,32,33 of the q-9j coefficients of
uq(2), written after applying some symmetries of q-6j coefficients,

a b e
c d f
h k g


q
=
∑
j
(−1)2jqZdeh−j(j+1)[2j + 1]
{
a c h
k g j
}
q
{
k j c
f d b
}
q
{
a g j
f b e
}
q
(2.9a)
=
∑
j
(−1)2jqZdeh−j(j+1)[2j + 1]
{
k g h
a c j
}
q
{
j b f
d c k
}(′)
q
{
f b j
a g e
}
q
(2.9b)
=
∑
j
(−1)2jqZdeh−j(j+1)[2j + 1]
{
h c a
j g k
}(′)
q
{
k j c
f d b
}
q
{
j g a
e b f
}(′)
q
(2.9c)
=
∑
j
(−1)2jqZdeh−j(j+1))[2j + 1]
{
a j g
k h c
}
q
{
j b f
d c k
}(′)
q
{
f j b
a e g
}
q
(2.9d)
=
∑
j
(−1)2jqZdeh−j(j+1)[2j + 1]
{
a c h
k g j
}
q
{
k j c
f d b
}
q
{
b e a
g j f
}(′)
q
(2.9e)
=
∑
j
(−1)2jqZdeh−j(j+1)[2j + 1]
{
g j a
c h k
}(′)
q
{
j b f
d c k
}(′)
q
{
a g j
f b e
}
q
(2.9f)
=
∑
j
(−1)2jqZdeh−j(j+1)[2j + 1]
{
g j a
c h k
}(′)
q
{
j b f
d c k
}(′)
q
{
b e a
g j f
}(′)
q
(2.9g)
where the summation parameters j are restricted by the triangular conditions,
max(|a− g|, |f − b|, |k − c|) ≤ j ≤ min(a+ g, b+ f, c+ k). (2.10)
When we use expressions (2.1a) or (2.1b) for nonprimed q-6j coefficients and expressions
(2.2a) or (2.2b) for primed q-6j coefficients, the asymmetric triangle coefficients depending
on the summation parameter j are distributed in their numerators and denominators in
expansions (2.9a), (2.9b), and (2.9e)–(2.9g) as follows:
∇[agj]∇[kcj]
1
×
∇[fbj]
∇[kcj]
×
1
∇[agj]∇[fbj]
, (2.11a)
when in expansions (2.9c) and (2.9d) as follows:
∇[kcj]
∇[agj]
×
∇[fbj]
∇[kcj]
×
∇[agj]
∇[fbj]
(2.11b)
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Particularly, they cancel if we express all but the first q-6j coefficients in (2.9a) by means
of (2.1a), as well as the first and the last q-6j coefficients in (2.9b) and (2.9d), the second
q-6j coefficient in (2.9c), and the first two q-6j coefficients in (2.9e), when the remaining
(primed) q-6j coefficients
{
· · ·
· · ·
}(′)
q
in (2.9b)–(2.9e) are expressed by means of (2.2a) and the
first q-6j coefficient of (2.9a) by means of (2.1b). It is expedient to use the inverse order of
summation [with substituted by z → a+ c− f − z parameters in (2.1a)] for the second q-6j
coefficients in (2.9a), (2.9c), (2.9e), and the first and last q-6j coefficients in (2.9d), with j
appearing in the upper middle position of the corresponding 6j-symbol.
Now the summation formulas (A2) or (A1) of the twisted very well-poised q-factorial
series34 (see Appendix A) may be used in (2.9a) or in (2.9b) and (2.9c), respectively, if the
summation parameters j are restricted naturally by the non-negative integer values of the
denominator factorial arguments,
max(a− g, |f − b|, k − c) ≤ j ≤ min(a+ g, c+ k), (2.12a)
max(f − b, a− g) ≤ j ≤ min(a+ g, b+ f, c+ k), (2.12b)
max(b− f, k − c) ≤ j ≤ min(a+ g, c+ k), (2.12c)
respectively. In (2.9d) and (2.9e), parameters j are, respectively, restricted by the natural
limits,
max(|a− g|, f − b, c− k) ≤ j ≤ b+ f, (2.12d)
max(k − c, b− f) ≤ j ≤ min(a+ g, c+ k). (2.12e)
In these two last cases, the summation formulas (A2) and (A3), respectively, may be used.
However, the formal summation intervals (2.12a–2.12e) may exceed the interval (2.10),
determined by triangular conditions. Of course, separate q-6j coefficients with spoiled trian-
gular conditions in (2.9a–2.9e) vanish, but such vanishing is not evident for the corresponding
pure q-factorial sums of the type (2.1a) or (2.2a). We need to consider each case separately,
for example, when j = b + f + 1, b + f + 2, ... [i.e., for b + f < j ≤ min(a + g, c + k)], or
max(g − a, c − k) > j ≥ max(a − g, |f − b|, k − c), the second or the first sum of the type
(2.1a) or (2.1b) in expansion of (2.9a) turns into 0, in accordance with Karlsson’s summation
formula,42,43 or its q-version,36,44
∑
s
(−1)sq(n−m−1)s
[s]! [n− s]!
m∏
j=1
[Aj − s] = δm,nq
−n(n+1)/2+
∑m
j=1Aj (2.13)
where m ≤ n are integers [cf. applications of (2.13) for the multiplicity-free isoscalar
factors43,44 of SU(n) and uq(n)]. [Note that the third factorial sum in expansion of (2.9a)
may be nonvanishing in spite of spoiling of the triangular conditions.]
III. NEW EXPRESSIONS FOR 9j COEFFICIENTS OF SU(2) AND uq(2)
A. Expressions with the full triangle restrictions of summation intervals
Hence, using the expansions (2.9a)–(2.9e), alternative expressions for the q-6j coefficients,
and summation formulas (A1)–(A3), at first we obtained five different expressions for the
q-9j coefficients,
6


a b e
c d f
h k g


q
= (−1)c+h−a
∇[abe]∇[feg]∇[kbd]
∇[ach]∇[fcd]∇[kgh]
×q(f+h−e−k)(a+d−e+k+1)−(a−e+f)(a−e+f+1)+Zdeh
×
∑
z1,z2,z3
(−1)z1+z2+z3[g − h+ k + z1]![a+ c− h + z1]!
[z1]![g + h− k − z1]![c− a+ h− z1]!
×
[2h− z1]![2d− z2]![c− d+ f + z2]!
[z2]![d− b+ k − z2]![c + d− f − z2]![b+ d+ k − z2 + 1]!
×
[b+ e− a+ z3]![e− f + g + z3]!q
−z1(a+d−e+k−z2−z3+1)
[z3]![a + b− e− z3]![f + g − e− z3]![2e+ z3 + 1]!
×
qz2(e−f−h+k+z3)+z3(a−d+f−h)[a + d− e + k − z2 − z3]!
[a− d+ f − h+ z1 + z2]![e− f − h+ k + z1 + z3]!
(3.1a)
= (−1)e−f−h+k
∇[abe]∇[feg]∇[kbd]
∇[ach]∇[fcd]∇[kgh]
×q(b+e−a)(e−f−h+k)−(a−e+f+1)(a−e+f)+Zdeh
×
∑
z1,z2,z3
(−1)z1+z2[a + c− h + z1]![g − h+ k + z1]!
[z1]![c + h− a− z1]![g + h− k − z1]![z2]!
×
[2h− z1]![2b− z2]![b− c+ f + k − z2]!
[b− d+ k − z2]![b+ d+ k − z2 + 1]![z3]![a+ b− e− z3]!
×
[b+ c+ f + k − z2 + 1]![b+ e− a+ z3]![e− f + g + z3]!
[f + g − e− z3]![2e + z3 + 1]![e + k − f − h+ z1 + z3]!
×
qz1(b+e−a−z2+z3)+z3(a+b+f−h+k−z2+1)−z2(e+k−f−h)
[b+ e− a− z2 + z3]![a+ b+ f − h+ k + z1 − z2 + 1]!
(3.1b)
= (−1)c−d+f
∇[ach]∇[feg]∇[kbd]
∇[abe]∇[fcd]∇[kgh]
×q(c−d+f)(a+g)−(d−f+k)(c+k+1)+Zdeh
×
∑
z1,z2,z3
(−1)z1+z3[a + c− g + k − z1]![a + c+ g + k − z1 + 1]!
[z1]![a + c− h− z1]![a + c+ h− z1 + 1]![z2]!
×
[2c− z1]![2d− z2]![c− d+ f + z2]!
[d− b+ k − z2]![c + d− f − z2]![b+ d+ k − z2 + 1]![z3]!
×
[a− b+ f + g − z3]![a+ b+ f + g − z3 + 1]![2g − z3]!
[f + g − e− z3]![e + f + g − z3 + 1]![c− d+ f − z1 + z2]!
×
q−z1(a−d+f+g−k+z2−z3)+z2(a+c+g+k−z3+1)−z3(c−d+f)
[a− d+ f + g − k + z2 − z3]![a+ c + g + k − z1 − z3 + 1]!
(3.1c)
= (−1)b−a+f−g
∇[ach]∇[feg]∇[kbd]
∇[abe]∇[fcd]∇[kgh]
×q−(a+h−k+1)(a+b−e)−(e+f−a)(b+f+1)+Zdeh
×
∑
z1,z2,z3
(−1)z1+z2+z3[2h− z1]![g − h + k + z1]!
[z1]![a− c+ h− z1]![g + h− k − z1]![a + c+ h− z1 + 1]!
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×
[2b− z2]![b− c+ f + k − z2]![b+ c+ f + k − z2 + 1]!
[z2]![b− d+ k − z2]![b+ d+ k − z2 + 1]!
×
[2e− z3]![a + b− e+ z3]!q
z1(a+b−e−z2+z3)+z2(e+f+h−k−z3+1)
[z3]![e+ f − g − z3]![b− a+ e− z3]![e + f + g − z3 + 1]!
×
qz3(b−a+f+h+k)[e+ f − k + h− z1 − z3]!
[b+ f − h+ k − a+ z1 − z2]![a + b− e− z2 + z3]!
(3.1d)
= (−1)c−b+e−g+k
∇[abe]∇[feg]∇[kbd]
∇[ach]∇[fcd]∇[khg]
×qZdeh−(a−b−h+f+k)(a+b+e+2)+(f−b)(f−b+1)+(d−b+k)(e+f+h−k+1)
×
∑
z1,z2,z3
[k + g − h + z1]![a+ c− h+ z1]![2h− z1]!
[z1]![g + h− k − z1]![c− a+ h− z1]!
×
(−1)z2+z3[2d− z2]![c− d+ f + z2]![2e− z3]!
[z2]![d− b+ k − z2]![c + d− f − z2]![b+ d+ k − z2 + 1]!
×
qz3(a−d+f−h+z1+z2)−z2(e+f+h−k−z1+1)−z1(a+d+e+k+2)
[z3]![a− b+ e− z3]![e + f − g − z3]![e + f + g − z3 + 1]!
×
[a + d+ e+ k − z2 − z3 + 1]![e + f + h− k − z1 − z3]!
[a+ b+ e− z3 + 1]![a− d+ f − h + z1 + z2]!
. (3.1e)
Expression (3.1a) for q = 1 is equivalent to the known triple sum formula6 for the 9j
coefficients of SU(2). The numerator-denominator distributions of factorials, depending on
the summation parameters z1, z2, z3, are different in all expressions (3.1a)–(3.1e). All the
terms in the last sum of (3.1b), in the second sum of (3.1c), and in the first sum of (3.1e) are
of the same sign. The separate sums correspond to the finite basic hypergeometric series,
p+1Fp
[
α1, α2, ..., αp+1
β1, ..., βp
; q, x
]
=
∑
k
(α1|q)k(α2|q)k · · · (αp+1|q)k
(β1|q)k · · · (βp|q)k(1|q)k
xk, (3.2)
with p = 3, x = q±(c+1), c =
∑p+1
i=1 αi −
∑p
j=1 βj , as defined (with a minor correction)
by A´lvarez-Nodarse and Smirnov35, instead of the standard basic hypergeometric functions
p+1φp (see Gasper and Rahman
36). Parameters c = −1 and x = 1 for the balanced basic
hypergeometric series, which appear in expressions for q-6j coefficients.38,39
The intervals for summation parameters zi (i = 1, 2, 3) are mainly restricted by six [in
(3.1a) and (3.1e)], five [in (3.1b) and (3.1d)], or four [in (3.1c)] triangle linear combinations
of the type a + b − c, respectively. As result of their vanishing we may write 23 different
(independent) expressions as double sums for the stretched 9j coefficients as compositions
of 4F3[· · ·; q, x] and 3F2[· · ·; q, x] series [with latter in the 10 cases corresponding to the CG
coefficients of uq(2)]. Although Minton’s summation formulas (B3a) or (B3b) (see Ref. 36)
may be used (12 times) for separate alternating sums in (3.1a)–(3.1e), satisfying special
conditions, in the case of some stretched triangles [e.g., for d = b + k or e = b − a in Eq.
(3.1a)], but the expressions obtained are equivalent to some derived previously (although
using the different triple sum expressions). In contrast with Eq. (32.13) of Ref. 3 and its
q-generalization44 [appearing, e.g., in context of the stretched isofactors of uq(3)], which
are expressed as compositions of two generic 3F2[· · ·; q, x] series, they are less symmetric
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and more complicate. Although these 3F2[· · ·; q, x] series in all 23 new expressions may be
rearranged into other forms separately [cf. Refs. 3,39,36] in such ways that the double sums
turn into compositions of two generic 3F2[· · ·; q, x] series, we use more universal approach in
Sec. IV.
The doubly stretched q-9j coefficients with the adjacent consecutive stretched triangles
may be expressed without sum,

c+h b b+c+h
c d f
h k g


q
=
(−1)c+d−fq2bc+Zefhk∇[efg]
∇[hgk]∇[cdf ]∇[bdk]
(
[2b]![2c]![2h]!
[2a+ 1][2e+ 1]!
)1/2
, (3.3)
where a = c+h and e = a+b [cf. Eq. (32.21) of Ref. 3], taking into account that in related 11
cases two summation parameters are fixed and the last summation may be performed using
either the Chu–Vandermonde formulas3,39,36 [in 9 cases, e.g., in (3.1a) for k = g+ h = b− d,
or in (3.1b) for k = g + h = d − b, see Appendix B] or Karlsson’s42,43 summation formula
(2.13) [in (3.1d) for g = e + f = k − h, or in (3.1e) for g = e + f = k − h].
The different versions of the doubly stretched q-9j coefficients with single sums in expres-
sions [mainly as generalizations of Eqs. (32.15), (32.17), (32.17a), (32.18), and (32.20) of Ref.
3] may be obtained straightforwardly from (3.1a)–(3.1e) with fixed couples of summation
parameters.
Additional restrictions for zi±zj in generic expressions (3.1a)–(3.1e) may be represented
as some couples of triangle linear combinations. No formula does represent any usual sym-
metry of 9j-symbol, but expressions (3.1a)–(3.1e) are mutually related by some “mirror
reflection” (j → −j − 1) symmetries.3,8
B. Expressions with the partial triangle restrictions of summation intervals
Summation formulas (A2) and (A3) also may be used, when the first (primed) q-6j
coefficients in (2.9f) and (2.9g) are expressed by means of (2.2b) and remaining (primed
or nonprimed) ones by means of (2.2a) or (2.1a), respectively. It is impossible to get the
definite summation interval for j when expressing all three q-6j coefficients by means of
primed q-6j coefficients (2.2a) or (2.2b) with the numerator – denominator distribution of
the type (2.11b). Hence we derive in addition two more triple sum expressions for q-9j
coefficients,

a b e
c d f
h k g


q
= (−1)a+c−h
∇[abe]∇[feg]∇[kbd]
∇[ach]∇[fcd]∇[kgh]
×qZdeh−(a+b+f−g)(f+g−e+1)−(g−a)(g−a+1)
×
∑
z1,z2,z3
(−1)z1+z2+z3 [g − h+ k + z1]![g + h+ k + z1 + 1]!
[z1]![g + k − a− c+ z1]![c + g + k − a+ z1 + 1]!
×
[2b− z2]![b+ f + k − c− z2]![b+ f + k + c− z2 + 1]!
[2g + z1 + 1]![z2]![b+ k − d− z2]![b+ d+ k − z2 + 1]!
×
[b+ e− a + z3]![e− f + g + z3]!q
−z1(b+e−a−z2+z3)
[z3]![a+ b− e− z3]![f + g − e− z3]![2e + z3 + 1]!
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×
qz2(f+g−e−z3+1)+z3(a+b+f−g)[f + g − e+ z1 − z3]!
[a + b+ f − g − z1 − z2]![b+ e− a− z2 + z3]!
(3.4a)
= (−1)a+c−h−e−f+g
∇[abe]∇[feg]∇[kbd]
∇[ach]∇[fcd]∇[kgh]
×qZdeh−(a+b+f−g)(e+f+g+2)−(g−a)(g−a+1)
×
∑
z1,z2,z3
(−1)z1+z3[g − h+ k + z1]![g + h+ k + z1 + 1]!
[z1]![g + k − a− c+ z1]![c+ g + k − a+ z1 + 1]!
×
[2b− z2]![b+ f + k − c− z2]![b+ f + k + c− z2 + 1]!
[2g + z1 + 1]![z2]![b+ k − d− z2]![b+ d+ k − z2 + 1]!
×
[2e− z3]!q
z1(a−b+e+z2−z3+1)+z2(e+f+g−z3+2)+z3(a+b+f−g)
[z3]![a− b+ e− z3]![e + f − g − z3]![[a + b+ e− z3 + 1]!
×
[e + f + g + z1 − z3 + 1]![a− b+ e+ z2 − z3]!
[e + f + g − z3 + 1]![a+ b+ f − g − z1 − z2]!
. (3.4b)
Here the summation intervals for z2 and z3 are restricted by one or two triangle conditions,
but z1+z2 restricted only both together by some couples of triangular linear combinations. In
these cases we may write 6 more expressions for the stretched q-9j coefficients as double sums,
but only five of them correspond to compositions of generic 4F3[···; q, x] and 3F2[···; q, x] series,
and only four times all the summation intervals in these expressions are restricted by some
triangle conditions. In the remaining cases some couples of triangular linear combinations
appear as the summation intervals.
IV. REARRANGEMENT OF THE TRIPLE SUM EXPRESSIONS FOR q-9j
COEFFICIENTS AND STRETCHED q-9j COEFFICIENTS
A. Search for other rearrangement of the triple sum expressions
We may identify such three blocks (quintuplets) of factorials under the summation sign
in numerators and denominators of each expression (3.1a)–(3.1e), which may be expanded
using the Chu–Vandermonde summation formulas,3,39,36 given in Appendix B. For example,
expressions (3.1a), (3.1b), and (3.1d) may be expanded as follows:

a b e
c d f
h k g


q
= (−1)c+h−a
∇[abe]∇[feg]∇[kbd]
∇[ach]∇[fcd]∇[kgh]
q(f+h−e−k)(a+d−e+k+1)−(a−e+f)(a−e+f+1)
×q−(g+h−k)(f+g−e)−(c−a+h)(c+d−f)+(b+e−a+1)(d−b+k)+Zdeh
×
∑
z1,z2,z3,s1,s2,s3
q−z1(a−c−g+k+1)−z2(b−c+f−k+1)+z3(a−b+f+g)[2h− z1]![2d− z2]!
[z1]![z2]![z3]![2e+ z3 + 1]! [s1]![s2]![s3]!
×
(−1)z1+z2+z3+s1+s2+s3qs1(a+d−e+k−z2−z3)[b+ e− a + z3 + s1]!
[d− b+ k − z2 − s1]![2b+ s1 + 1]![g + h− k − z1 − s2]!
×
q−s2(e−f−h+k+z1+z3+1)−s3(a−d+f−h+z1+z2+1)[2g − s2]![2c− s3]!
[f + g − e− z3 − s2]![c− a + h− z1 − s3]![c+ d− f − z2 − s3]!
(4.1a)
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= (−1)e−f−h+k
∇[abe]∇[feg]∇[kbd]
∇[ach]∇[fcd]∇[kgh]
q(c+h−a)(b−c+f+k+1)
×q(b+e−a)(e−f−h+k)−(f+g−e)(g+h−k)−(a−e+f+1)(a−e+f)+Zdeh
×
∑
z1,z2,z3
(−1)z1+z2q−z1(a−c−g+k+1)−z2(b+c−f+k)+z3(a+b+f+g)[2h− z1]!
[z1]![b− d+ k − z2]![b+ d+ k − z2 + 1]![z3]![2e + z3 + 1]!
×
∑
s1,s2,s3
(−1)s1+s2q−s1(b+e−a−z2+z3+1)−s2(e−f−h+k+z1+z3+1)[2b− s1]![2g − s2]!
[s1]![z2 − s1]![a + b− e− z3 − s1]![s2]![g + h− k − z1 − s2]!
×
q−s3(a+b+f−h+k+z1−z2+2)[2c− s3]![b− c + f + k − z2 + s3]!
[f + g − e− z3 − s2]![s3]![c+ h− a− z1 − s3]!
(4.1b)
= (−1)b−c+f−g+hq(k−c−1)(a+b+f−g)+(a−g)(b+f+1)+(e+f−g)(a−b−f+g+1)
×q(a−c+h)(c−a+g+k+2)+Zdeh
∇[ach]∇[feg]∇[kbd]
∇[abe]∇[fcd]∇[kgh]
×
∑
z1,z2,z3
q−z1(c−a+g+k+2)+z2(c−b+f−k+1)−z3(a−b−f+g+1)[2h− z1]!
[z1]![b− d+ k − z2]![b+ d+ k − z2 + 1]![z3]!
×
∑
s1,s2,s3
(−1)z2+z3+s1+s2+s3 [2e− z3]![2b− s1]!
[s1]![z2 − s1]![b− a+ e− z3 − s1]![s2]![e+ f − g − z3 − s2]!
×q−s1(a+b−e−z2+z3+1)−s2(k−e−f−h+z1+z3)−s3(b+f−h+k−a+z1−z2+1)
×
[g − h+ k + z1 + s2]![b+ c+ f + k − z2 + s3 + 1]!
[2g + s2 + 1]![s3]![a− c+ h− z1 − s3]![2c+ s3 + 1]!
. (4.1c)
The summations over s1, s2, s3 give original expressions (3.1a), (3.1b), and (3.1d), when the
summations of (4.1a), over z1, z2, z3 give another expression for q-9j coefficient, equivalent
to (3.1a) after transpositions of two last rows and two last columns,

a b e
c d f
h k g


q
=


a e b
h g k
c f d


q
. (4.2a)
Otherwise, the summations of (4.1b) over z1, z2, z3 give expression, equivalent to (3.1e), after
changing the summation parameters and taking into account the same relation (4.2a), as
well as the summations of (4.1c) over z1, z2, z3 give expression, equivalent to (3.1c), again
after change of summation parameters and applying the relation

a b e
c d f
h k g


q
=


f d c
e b a
g k h


q
. (4.2b)
Hence only three from these expressions for the q-9j coefficients are independent with respect
to elementary rearrangements.
The quintuplet expansion by means of the Chu–Vandermonde summation formulas of
expressions (3.4a) or (3.4b) leads to vanishing of the summation limit for z1 and, therefore,
it is not helpful for the rearrangement of q-9j coefficients.
11
B. Different expressions for the stretched q-9j coefficients
In the stretched cases, e.g., for k = g + h in (4.1a) and (4.1b), or for c = a + h in
(4.1c) some couples of parameters zi and sj are fixed and summation over zl and sl (where
i, j, l is some permutation of 1, 2, 3) is possible, using the Chu–Vandermonde formulas (see
Appendix B). Hence we may derive 14 versions of expressions (from which at least 13 are
independent) for the stretched q-9j coefficients as double sums over parameters zj and si
(where further the subscripts of the summation parameters will be omitted) as compositions
of the both generic 3F2[· · ·; q, x] series. For example, from (4.1a) and (4.1b) with a = c+ h
and z1 = s3 = 0, from (4.1a) with k = h + g and z1 = s2 = 0 or with e = f + g and
z3 = s2 = 0, and from (4.1c) with c = a+h and z1 = s3 = 0 [using some symmetries (2.7) of
the q-9j coefficients and, in the last case, some change of summation parameter] we obtain,
respectively, the following expressions:

a b e
c d f
h k e+f


q
=
(
[2e]![2f ]!
[2g + 1]!
)1/2
∇[ghk]∇[bdk]∇[cah]
∇[eab]∇[fcd]
q(h−b−c−e)(b+c+f−k)+2bc+Zefhk
×
∑
s,z
(−1)s+z[a− c+ h + s]![k − b+ d+ z]!
[s]![a + c− h− s]![b− c− e+ h+ s]![2h + s+ 1]!
×
qs(b+c+f−k−z)+z(b+c+e−h)[h− g + k + s+ z]!
[z]![b + d− k − z]![k − b+ c− f + z]![2k + z + 1]!
(4.3a)
= (−1)b−a+f+h−k
(
[2e]![2f ]!
[2g + 1]!
)1/2
∇[ghk]∇[bdk]∇[cah]
∇[eab]∇[fcd]
×q(b+c−f)(k−g−h)+k(g+h+1)−2fh+Zbcf+Zghk
×
∑
s,z
(−1)s[2h− s]![e+ h− b+ c− s]![k − b+ d+ z]!
[s]![c + h− a− s]![a + c+ h− s+ 1]![g + h− k − s− z]!
×
qs(b+c+f−k−z)+z(b+c+e+h+1)
[z]![b + d− k − z]![c− b− f + k + z]![2k + z + 1]!
(4.3b)
= (−1)d+f−c
(
[2e]![2f ]!
[2g + 1]!
)1/2
∇[cah]∇[ghk]
∇[fcd]∇[eab]∇[bdk]
×q(b−c+e+h+1)(g−h+k)−(e+k)(e+k+1)+Zbcg
×
∑
s,z
(−1)s+z[a− c + h+ s]![b+ c+ e− h− s]!
[s]![a + c− h− s]![2h + s+ 1]![g − h+ k − s− z]!
×
qs(c−b+f+k−z)−z(b−c−e+h+1)[b+ d− k + z]![2k − z]!
[z]![d + k − b− z]![b + c− f − k + z]!
(4.3c)
= q2af−(a+b−e)(a+d+f−h)+Zbdgh
(
[2e]![2f ]!
[2g + 1]!
)1/2
∇[ghk]∇[dbk]
∇[hac]∇[fcd]∇[eab]
×
∑
z,s
(−1)a+c−h+s+z[2b− z]![b + d− g + h− z]!
[z]![b + d− k − z]![b + d+ k − z + 1]![s]!
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×
qz(a+d+f−h−s)−s(g+h−b−d+1)[2a− s]![h− a + c+ s]!
[a+ b− e− z − s]![a + c− h− s]![d − a− f + h+ s]!
(4.3d)
= qk(2f−2b+k−1)+(g−h+k)(a+b−f−h−k)+Zcdeh
×
(
[2e]![2f ]!
[2g + 1]!
)1/2
∇[ghk]∇[kbd]∇[ach]
∇[fcd]∇[eab]
×
∑
s,z
(−1)c−d+e−g+zq−s(a+b+e+z+1)−z(h−g+k)
[s]![g − h + k − s]![a+ c− h− s]![2h+ s+ 1]!
×
[c+ h− a+ s]![b+ d− k + z]![b + e− a+ z]!
[z]![d + k − b− z]![b − a− f + h− k + s+ z]![2b + z + 1]!
. (4.3e)
Expression (4.3a) is invariant with respect to simultaneous permutations of the two first
columns and rows of the stretched q-9j coefficients in accordance with (2.8) and is related
to the particular case of Eqs. (26)–(27) of Ref. 6, that appeared in context of the stretched
isoscalar factors of the Sp(4) or SO(5) group restricted to SU(2)×SU(2), but (4.3b) and
(4.3e) are more convenient, since separate sums are not alternating.
The linear combinations of parameters a + b − e, d − b + k, and c + d − f restrict the
both summation parameters in expressions (4.3b), (4.3c), and (4.3d)–(4.3e), respectively,
for the q-9j coefficients with the couples of adjacent consecutive stretched triangles [cf. Eq.
(32.21) of Ref. 3]. Otherwise, the summation of expression (4.3a) for g + h − k = 0, or
g−h+k = 0 is nontrivial, as well as Eq. (4.3b) for g−h+k = 0, Eq. (4.3c) for a+b−e = 0,
or g + h− k = 0, and Eqs. (4.3d)–(4.3e) for g + h− k = 0.
The both separate sums only in Eqs. (4.3a) and (4.3d) correspond to the CG coefficients
of uq(2).
29,45,46 Hence the sum over z in (4.3d) [as well as the sum over s in (4.3b)] may
be included [using Eq. (5.17) of Ref. 46] into the Clebsch–Gordan coefficients of uq(2),
reexpressed by means of Eq. (41a) of Ref. 45 (with changed summation parameters) and the
following expressions for the stretched q-9j coefficients may be derived:

a b e
c d f
h k e+f


q
= (−1)a+b+c+d−h−k
([2e]![2f ]![g + h− k]![g + h+ k + 1]!)1/2
([2g + 1]![2k + 1])1/2∇[hac]∇[fcd]∇[eab]
×q2af−(a+b−e)(a+d+f−h)+b(g−h)+(b+d−k)(b+d+k+1)/2+Zbdgh
×
∑
m
(−1)a−e+mq−m(g+h+1)
[a + e−m]![c− e+ h +m]!
[a− e +m]![c + e− h−m]!
×
(
[d+ g − h−m]![b+m]!
[d− g + h+m]![b−m]!
)1/2 [
d b k
g − h−m m g − h
]
q
(4.4a)
=
([2e]![2f ]![h+ k − g]![g − h+ k]![g + h− k]![g + h + k + 1]!)1/2
([2g + 1]!)1/2∇[hac]∇[fcd]∇[eab]∇[kbd]
×q(b+d−k)(a+b+f−h+k+1)−(a+b−e)(a+d+f−h)+2af+Zbdgh
×
∑
s,z
(−1)a+b+c+d−h−k+s+zq−s(g+h−k+1)−z(g−h+k+1)
[s]![a + c− h− s]![z]![b + d− k − z]!
×
[2a− s]![c+ h− a + s]![2d− z]![b − d+ k + z]!
[d− a− f + h+ s− z]![a− d− e + k − s+ z]!
(4.4b)
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=(
[2e]![2f ]![a− b+ e]![a + b− e]!
[2g + 1]![e− a + b]![a + b+ e+ 1]!
)1/2
∇[ghk]∇[bdk]
∇[fcd]∇[ach]
×q(c+d−f)(a+b−e+1)−(a+b+e+1)(b+d−k)+2ed+Zacgk
×
∑
s,z
[2c− s]![a− c+ h+ s]![k − b+ d+ z]!
[s]![c + h− a− s]![z]![b + d− k − z]![2k + z + 1]!
×
(−1)c+k−b−f+sq−s(a+b−e+1)+z(a+b+e+1)
[c− b− f + k + z − s]![a− c+ g − k − z + s]!
(4.4c)
Expression (4.4b) satisfies symmetry relation (2.8) for permutations of the two first columns
or rows of the stretched q-9j coefficient and is a q-generalization of standard formula (32.13)
of Ref. 3 for the stretched 9j coefficients. The linear combinations of parameters a + b− e
or c+ d− f restrict the both summation parameters in expression (4.4b), when g+h− k or
c + d − f restrict the summation limits in expression (4.4c). Hence expressions (4.4b) and
(4.4c) for these cases of adjacent consecutive stretched triangles also turn into single terms
[cf. Eq. (3.3)]. Note that the Chu–Vandermonde or Karlsson summation formulas are needed
for the last summation of 11 doubly stretched cases of triple sum expressions (3.1a)–(3.1e),
e.g., in (3.1a) for k = g + h = b− d, or in (3.1d) for g = e+ f = k − h.
For the diverging adjacent stretched triangles, e.g., with e = b − a = g − k, summation
parameters in (4.4c) are dependent and the doubly stretched q-9j coefficients may be ex-
pressed as single sums with the alternating terms [cf. Eq. (32.18) of Ref. 3], when using Eq.
(3.1a) for c = f − d = a− h an equivalent formula may be written directly. Again, for the
merging adjacent stretched triangles, e.g., with g = h+k = e+ f , the doubly stretched q-9j
coefficients may be expressed as single sums with the fixed sign of all terms [cf. Eq. (32.20)
of Ref. 3] by means of formula (4.4b) [as well as for b = d+k = a+e by means of Eq. (3.1e),
in contrast with the remaining formulas of this paper]. These single sums in the both cases
are related to the generic 4F3[· · ·; q, x] series.
The q-9j coefficients with the both stretched triangles appearing in the different layers,
or rows of the q-9j-symbol are related to generic 3F2[· · ·; q, x] series. In the case of two
parallel stretched triangles [e.g., for h = a + c in (4.3a) or (4.4b)] they are proportional [cf.
Eq. (32.15a) of Ref. 3] to the CG coefficients of uq(2) (see Refs. 29,45,46), with appearing
two different types of expressions. Otherwise, special q-9j coefficients with two antiparallel
stretched triangles may be expressed in four different forms [see (4.3b) for a = c+h, or (4.3c)
for b = d+ k as generalizations of Eqs. (32.17a) and (32.17) of Ref. 3, as well as Eq. (3.1c)
for h = a+ c and b = d+ k, or Eq. (3.1e) for b = d+ k and g = e+ f ] and correspond to the
CG coefficients of uq(1, 1), with the expressions including either the alternating terms [with
diverse distribution of summation parameter signs in two numerator q-factorial arguments,
in analogy with CG coefficients of uq(2)], or the fixed sign terms (with one or three numerator
q-factorial arguments). Note, that expressions for the triply stretched q-9j coefficients with
the three mutually antiparallel stretched triangles [e.g., (4.3a) or (4.4c) for a = c + h and
d = b+ k] are not summable.
Expression related to (4.4a) may be derived [in contrast with the intermediate version of
(4.4c)] also from expansion32,33 [cf. Ref. 47 in the SU(2) case] of the q-9j coefficients in terms
of the Clebsch–Gordan coefficients of uq(2) [cf. Eq. (3.12) of Ref. 32] which in the stretched
case with h = a + c (and with extreme CG coefficient for coupling a × c → h in the r.h.s.
equal to 1) may be written as follows:
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

a b e
c d f
a+c k g


q−1
=
q−Zefhk
([2e+ 1][2f + 1][2h+ 1][2k + 1])1/2
{[
h k g
h g−h g
]
q
}−1
×
∑
m
[
a b e
a m−a m
]
q
[
e f g
m g−m g
]
q
[
c d f
c g−m−c g−m
]
q
×
[
b d k
m−a g−m−c g−h
]
q
(
Rcb
)c m−a
c m−a
, (4.5)
where (
Rcb
)c m−a
c m−a
= q2c(m−a)
is a diagonal extreme element of triangular braiding R-matrix and all the CG coefficients
with exception of the last one may be expressed without sum. It should be noted that only
in special stretched case (4.5) the summation over non-diagonal elements of R-matrix may
be escaped.
Both expressions (4.4b) and (4.4c) correspond to q-generalizations of the Kampe´ de
Fe´riet48 function F 1:21:1 , which is defined as follows:
±FA:BC:D
[
(a)
(c)
:
(b)
(d)
;
(b′)
(d′)
; x, y; q
]
=
∞∑
s,t
∏A
j=1(aj|q)s+t∏C
j=1(cj |q)s+t
∏B
j=1(bj |q)s(b
′
j |q)t∏D
j=1(dj|q)s(d
′
j|q)t
x±sy±(1−2δ)t
[s]![t]!
q±(A−C)st, (4.6)
with special parameters
x = qp+1, p =
A∑
j=1
aj +
B∑
j=1
bj −
C∑
j=1
cj −
D∑
j=1
dj,
y = qp
′+1, p′ =
A∑
j=1
aj +
B∑
j=1
b′j −
C∑
j=1
cj −
D∑
j=1
d′j,
δ = δAC
for A +B = C +D + 1 and |A− C| ≤ 1. Of course, series (4.6) turn into usual Kampe´ de
Fe´riet function FA:BC:D [· · ·; 1, 1] for q = 1. Unfortunately, the standard definition
16,17
ΦA:BC:D
[
(α)
(γ)
:
(β)
(δ)
;
(β ′)
(δ′)
; x, y; q
]
(4.7)
(cf. Refs. 16,17) in terms of the asymmetric q-factorials36
(a; q)n = (1 − a)(1 − aq) · · · (1 − aq
n−1), n = 1, 2, ...,
derived after substitution
q → q1/2, [n]!→ (q; q)n(q
−1/2 − q1/2)−nq−n(n+1)/4,
(a|q)n → (q
a; q)n(q
−1/2 − q1/2)−nq−n(2a+n−1)/4, (4.8)
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may be not convenient in the double sums that appear in (4.4b) and (4.4c), since arguments
x and y do not turn into q both together, but turn either into q and q−p
′
or into q−p and q,
respectively.
Furthermore, the q = 1 versions of Eqs. (4.3a)–(4.3e) correspond to the Kampe´ de
Fe´riet48 functions F 1:20:2 or [after reversing the order of summations, associated with spoiling
some natural restrictions for both summation parameters in (4.3b)–(4.3d)] to F 0:31:1 (cf. Refs.
16,17). Otherwise, in the generic q 6= 1 case they can be expressed in terms of our (4.6)
as −F 1:20:2 [· · ·; x, y, q] or
+F 0:31:1 [· · ·; x, y; q], but only
+FA:BC:D [· · ·; x, y, q] is equivalent to some
ΦA:BC:D[· · ·; q, q; q] and for
−FA:BC:D [· · ·; x, y, q] with A 6= C the factors q
mn, spoiling standard
definition of ΦA:BC:D functions, cannot be eliminated in the new expansion [cf. Eq. (9) of Ref.
16], unless transition q → q−1 is performed preliminary.
Special rearrangement and summation formulas of the double q-factorial series and re-
lated Kampe´ de Fe´riet48 functions are given in Appendix C.
V. EXPRESSIONS FOR 12j COEFFICIENTS OF THE SECOND KIND OF SU(2)
AND uq(2)
A. Generic properties
The 3nj coefficients of the second kind2,49 (n ≥ 4) whose graphs are planar [hence without
braiding,30 in contrast with the 3nj coefficients of the first kind (n ≥ 3) whose graphs are
possible only on the Mo¨bius strip] usually are expanded2,3,8 in terms of the factorized n
different 6j coefficients,
 j1 j2 · · · jnl1 l2 · · · ln
k1 k2 · · · kn

 =∑
x
(2x+ 1)(−1)Rn+nx
×
{
j1 k1 x
k2 j2 l1
}{
j2 k2 x
k3 j3 l2
}
· · ·
{
jn−1 kn−1 x
kn jn ln−1
}{
jn kn x
k1 j1 ln
}
, (5.1)
where
Rn =
n∑
i=1
(ji + ki + li),
and the triangular conditions are satisfied by the triplets of the nearest neighbors as li, ji, ji+1,
or li, ki, ki+1 (i = 1, 2, ..., n− 1), or ln, jn, j1, or li, kn, k1, respectively.
The 12j coefficients of the second kind, which may be extracted from the recoupling
coefficients of the five irreps without braiding,30 hence, with the cubic graph2
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were introduced by Elliott and Flowers50 and redefined by Vanagas and Cˇiplys.51 These 12j
coefficients and their q-generalizations satisfy 24 symmetries,2,3,51 generated by the following
substitutions:
 j1 j2 j3 j4l1 l2 l3 l4
k1 k2 k3 k4


q
= (−1)j1−j2−j3+j4+k1−k2−k3+k4

 j1 k1 j2 k3l1 l3 l4 l2
j3 k2 j4 k4


q
(5.3a)
=

 j4 j3 j2 j1l4 l3 l2 l1
k4 k3 k2 k1


q
=

 l1 l2 l3 l4k1 k2 k3 k4
j1 j2 j3 j4


q
(5.3b)
=

 k4 k2 k3 k1l4 l2 l3 l1
j4 j2 j3 j1


q
=

 j1 j2 j3 j4l2 l1 l4 l3
k3 k4 k1 k2


q
. (5.3c)
Eight triangular conditions may be visualized3 by means of the extended array
 j1 j2 j3 j4l1 l2 l3 l4
k1 k2 k3 k4


j2 j3
l2 l3
and are satisfied by the triplets of parameters in the first and fourth columns, as well as
by the skew triplets descending from some parameter of the first or fourth column, e.g., by
l1, k2, j3, or by j4, l3, k2.
Let’s restrict ourselves to the following rearrangements of the q-6j coefficients in
expressions2,3,8,31 for the q-12j coefficients of the second kind:
 j1 j2 j3 j4l1 l2 l3 l4
k1 k2 k3 k4


q
= (−1)l1−l2−l3+l4
∑
x
[2x+ 1]
{
k1 j1 l1
j3 k2 x
}
q
×
{
k3 k4 x
j3 j1 l2
}
q
{
k3 j2 l4
j4 k4 x
}
q
{
k1 k2 x
j4 j2 l3
}
q
(5.4a)
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= (−1)l1−l2−l3+l4
∑
x
[2x+ 1]
{
k1 j1 l1
j3 k2 x
}
q
×
{
j3 x j1
k3 l2 k4
}
q
{
k3 k4 x
j4 j2 l4
}
q
{
k1 x k2
j4 l3 j2
}
q
(5.4b)
= (−1)l1−l2−l3+l4
∑
x
[2x+ 1])
{
k1 j1 l1
j3 k2 x
}
q
×
{
k3 k4 x
j3 j1 l2
}
q
{
j4 x j2
k3 l4 k4
}
q
{
k1 x k2
j4 l3 j2
}
q
(5.4c)
= (−1)l1−l2−l3+l4
∑
x
[2x+ 1]
{
j3 x j1
k1 l1 k2
}
q
×
{
k3 x k4
j3 l2 j1
}
q
{
j4 x j2
k3 l4 k4
}
q
{
l3 j2 k1
x k2 j4
}(′)
q
, (5.4d)
with the asymmetric triangle coefficients depending on the summation parameter x dis-
tributed separately in the numerators or denominators of each q-6j coefficient in expansion
(5.4a), the mixed distribution of asymmetric triangle coefficients in the numerators and de-
nominators of q-6j coefficients in expansions (5.4b) and (5.4c), and resembling (2.11b) dis-
tribution in (5.4d). Using expression (2.1b) for q-6j coefficients with summation parameter
x in the right lower position, Eq. (2.1a) with inverted summation parameter for q-6j coeffi-
cients with x in the middle column, and Eq. (2.1a) in the remaining cases, with exception
of Eq. (2.2a), used for the last q-6j coefficient in (5.4d), the asymmetric triangle coefficients
depending on the summation parameter x cancel. Then we may use the summation formula
(A4a) for expansion (5.4a) and formula34 (A4b) for expansions (5.4b)–(5.4d).
B. General expressions with fourfold sums
This way we derived four different expressions for the q-12j coefficients of the second
kind, 
 j1 j2 j3 j4l1 l2 l3 l4
k1 k2 k3 k4


q
= (−1)l2−l3+k1−k3−j3+j4
∇[k3j1l2]∇[j3k4l2]∇[k1j2l3]∇[j4k2l3]
∇[k1j1l1]∇[j3k2l1]∇[k3j2l4]∇[j4k4l4]
×
∑
z1,z2,z3,z4
(−1)z1+z2+z3+z4 [k2 + j3 − l1 + z1]![k1 + j1 − l1 + z1]!
[z1]![z2]![z3]![z4]![l1 + k2 − j3 − z1]![j1 + l1 − k1 − z1]!
×
[2l1 − z1]![j1 + l2 − k3 + z2]![l2 − j3 + k4 + z2]!
[j1 − l2 + k3 − z2]![j3 + k4 − l2 − z2]![2l2 + z2 + 1]!
×
[j4 + k4 − l4 + z3]![j2 + k3 − l4 + z3]![2l4 − z3]!
[k4 + l4 − j4 − z3]![j2 − k3 + l4 − z3]![k1 + j2 − l3 − z4]![2l3 + z4 + 1]!
×
[j2 + l3 − k1 + z4]![k2 + l3 − j4 + z4]!
[k2 − l3 + j4 − z4]![k1 + k3 + j3 + j4 − l1 − l4 + z1 + z3 + 1]!
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×
[k1 + k3 + j3 + j4 − l2 − l3 − z2 − z4]!
[k1 + l2 − l1 − k3 + z1 + z2]![l3 − l1 + j3 − j4 + z1 + z4]!
×
[l2 + l3 − l1 − l4 + z1 + z2 + z3 + z4]!
[l2 − l4 − j3 + j4 + z2 + z3]![k3 − k1 + l3 − l4 + z3 + z4]!
(5.5a)
= (−1)j1−j3−k1+k2−l1−l2−l3+l4
∇[j3k4l2]∇[k3j2l4]∇[k1j2l3]∇[j4k4l4]
∇[k1j1l1]∇[j3k2l1]∇[k3j1l2]∇[j4k2l3]
×
∑
z1,z2,z3,z4
(−1)z2+z3+z4 [k2 + j3 − l1 + z1]![k1 + j1 − l1 + z1]!
[z1]![z2]![z3]![z4]![l1 + k2 − j3 − z1]![j1 + l1 − k1 − z1]!
×
[2l1 − z1]![2l2 − z2]![j1 − l2 + k3 + z2]!
[l2 + j3 − k4 − z2]![j1 + l2 − k3 − z2]![l2 + j3 + k4 − z2 + 1]!
×
[j2 − k3 + l4 + z3]![k4 + l4 − j4 + z3]!
[j4 + k4 − l4 − z3]![j2 + k3 − l4 − z3]![2l4 + z3 + 1]![k1 − j2 + l3 − z4]!
×
[2l3 − z4]![k2 − l3 + j4 + z4]!
[k2 + l3 − j4 − z4]![k1 + j2 + l3 − z4 + 1]![k1 + k3 − l1 − l2 + z1 + z2]!
×
[j3 + j4 + l2 − l4 − z2 − z3]![k1 + k3 + l3 − l4 − z3 − z4]!
[k1 − k3 + j3 − j4 − l1 + l4 + z1 + z3]![j3 + j4 − l1 − l3 + z1 + z4]!
×
[j3 − j4 + k1 − k3 + l2 + l3 − z2 − z4]!
[l1 + l2 + l3 − l4 − z1 − z2 − z3 − z4]!
(5.5b)
= (−1)k1−k2+l1−l2+l3+l4−j2+j4
∇[k3j1l2]∇[j3k4l2]∇[j4k4l4]∇[k1j2l3]
∇[k1j1l1]∇[j3k2l1]∇[k3j2l4]∇[j4k2l3]
×
∑
z1,z2,z3,z4
(−1)z2+z3+z4 [j3 + k2 − l1 + z1]![j1 + k1 − l1 + z1]!
[z1]![z2]![z3]![z4]![l1 + k2 − j3 − z1]![j1 − k1 + l1 − z1]!
×
[2l1 − z1]![j1 + l2 − k3 + z2]![l2 − j3 + k4 + z2]!
[j1 − l2 + k3 − z2]![j3 + k4 − l2 − z2]![2l2 + z2 + 1]![j4 − k4 + l4 − z3]!
×
[2l4 − z3]![j2 − l4 + k3 + z3]!
[j2 − k3 + l4 − z3]![j4 + k4 + l4 − z3 + 1]![k1 − j2 + l3 − z4]!
×
[2l3 − z4]![k2 − l3 + j4 + z4]!
[k2 + l3 − j4 − z4]![k1 + j2 + l3 − z4 + 1]![k1 − k3 − l1 + l2 + z1 + z2]!
×
[j3 + j4 − l2 + l4 − z2 − z3]![j3 − j4 + k1 + k3 − l2 + l3 − z2 − z4]!
[j3 − j4 + k1 + k3 − l1 − l4 + z1 + z3]![j3 + j4 − l1 − l3 + z1 + z4]!
×
[k1 − k3 + l3 + l4 − z3 − z4]!
[l1 − l2 + l3 + l4 − z1 − z2 − z3 − z4]!
(5.5c)
= (−1)k3+k4−l1+l2+l3−l4−j1−j3
∇[j3k2l1]∇[k3j1l2]∇[j4k4l4]∇[k1j2l3]
∇[k1j1l1]∇[j3k4l2]∇[k3j2l4]∇[j4k2l3]
×
∑
z1,z2,z3,z4
(−1)z1+z2+z3[2l1 − z1]![j1 + k1 − l1 + z1]!
[z1]![l1 − k2 + j3 − z1]![j1 − k1 + l1 − z1]![l1 + k2 + j3 − z1 + 1]!
×
[2l2 − z2]![k4 + j3 − l2 + z2]!
[z2]![k3 + l2 − j1 − z2]![l2 − j3 + k4 − z2]![j1 + l2 + k3 − z2 + 1]!
×
[2l4 − z3]![j2 + k3 − l4 + z3]!
[z3]![z4]![j4 + l4 − k4 − z3]![j2 − k3 + l4 − z3]![j4 + k4 + l4 − z3 + 1]!
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×
[2j2 − z4]![j2 + j4 + k1 − k2 − z4]![j2 + j4 + k1 + k2 − z4 + 1]!
[k1 + j2 − l3 − z4]![k1 + j2 + l3 − z4 + 1]![j2 + k3 − l4 + z3 − z4]!
×
[l1 + l2 − k1 + k3 − z1 − z2]![j3 + j4 − k3 − k1 + l1 + l4 − z1 − z3]!
[j2 − j3 + j4 + k1 − l1 + z1 − z4]![j2 + j3 + j4 − k3 − l2 + z2 − z4]!
×
[l2 + l4 − j3 + j4 − z2 − z3]!
[l1 + l2 + l4 − k1 − j2 − z1 − z2 − z3 + z4]!
. (5.5d)
The numerator–denominator distribution of factorials, depending on the summation param-
eters z1, z2, z3, z4, is different in each expression (5.5a)–(5.5d). No single formula exhibites
the full symmetry (5.3b)–(5.3c) of the q-12j-symbol, but (5.5a) is invariant with respect to
the transition from the main notation to the left array of (5.3c), as well as under transposi-
tion 
 j1 j2 j3 j4l1 l2 l3 l4
k1 k2 k3 k4


q
=

 k2 k4 k1 k3l1 l3 l2 l4
j3 j1 j4 j2


q
, (5.6)
which, in turn, is a composition of symmetry relations (5.3b)–(5.3c). Expression (5.5b) is
invariant with respect to the same symmetry (5.6), but (5.5c) and (5.5d) do not satisfy
any symmetry relations. Since all the sums in these expressions correspond to the balanced
hypergeometric functions, the q-phases are also trivial.30
All the terms in the first sum of (5.5b) and (5.5c) are of the same sign, as well as in
the last sum of (5.5d). Each separate sum corresponds in these expressions to the finite
balanced basic hypergeometric series 5F4[q, 1] (3.2), which also appeared in the elementary
overlap coefficients of the definite biorthogonal coupled states34 of uq(3) and SU(3). The
summation intervals are mainly restricted by 8 [in (5.5a)–(5.5c)], or 7 [in (5.5d)] triangle
linear combinations of parameters, respectively. In addition to correspondence of numerator
and denominator factorials, determined by Eq. (A4a) or (A4b), definite correlation between
the factorials under summation signs reveals itself in four quintuplets of factorials of each ex-
pression (5.5a)–(5.5d), depending on the couples of adjacent summation parameters (zi and
zi+1, where i = 1, 2, 3, or z1 and z4), although their expansion using the Chu–Vandermonde
formulas is not helpful for further rearrangement of the generic expressions.
C. Stretched cases of the q-12j coefficients of the second kind
Let us consider the stretched cases of q-12j coefficients. For definite stretched triangles
some summation parameters in (5.5a)–(5.5d) are either fixed (31 times), or expressions are
partially summable (in the 11 cases) by means of Minton’s summation formulas (B3a) or
(B3b) (see Ref. 36). One of three remaining sums turns into balanced basic hypergeometric
series 4F3[q, 1], the rearrangement
36 of which enables us to transform a 5F4[q, 1] type series
into 4F3[q, 1] type series, with only the last one remaining of the 5F4[q, 1] type. Particularly,
for j1 + l1 = k1 with z1 = 0, the sum over z2 in expression (5.5a) corresponds to a q-6j
coefficient, which may be reexpressed in such a form (using Regge symmetry and change
of the summation parameter) that the sum over z3 also corresponds to a q-6j coefficient.
Hence, we obtain
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
 j1 j2 j3 j4l1 l2 l3 l4
j1+l1 k2 k3 k4


q
=
(−1)j1+l2−k3 ∇[k1j2l3]∇[j4k2l3]
∇[j1l2k3]∇[k4j3l2]∇[k3j2l4]∇[j4k4l4]∇[l1k2j3]
(
[2l1]![2j1]!
[2k1 + 1]!
)1/2
×
∑
z1,z3,z4
(−1)z1+z3 [l2 − j3 + k4 + z1]![j1 + j3 + k3 − k4 − z1]!
[z1]![z3]![z4]![l2 + j3 − k4 − z1]![j3 − j4 − l1 + l3 + z4 − z1]!
×
[2j3 − z1]![j4 + k4 − l4 + z3]![j2 + k3 − l4 + z3]![2l4 − z3]!
[j2 − k3 + l4 − z3]![k3 + j1 + j3 + j4 − l4 − z1 + z3 + 1]!
×
[j2 + l3 − k1 + z4]![k2 + l3 − j4 + z4]!
[k4 + l1 − l3 + l4 − j3 + z1 − z3 − z4]![k3 − k1 + l3 − l4 + z3 + z4]!
×
[k1 + k3 + k4 + j4 − l3 − z4 + 1]!
[k1 + j2 − l3 − z4]![k2 − l3 + j4 − z4]![2l3 + z4 + 1]!
, (5.7)
which is the composition of two balanced 4F3[q, 1] series and the third balanced 5F4[q, 1]
series.
After the summation over z3 of the balanced 3F2[q, 1] series is carried out [see Eqs.
(B2a) and (B2b)] in this doubly stretched case of q-12j coefficient with k1 = j1 + l1 and
l3 = k1 + j2 [i.e., for adjacent consecutive stretched triangles in graph (5.2)], we recognize
some q-6j coefficients, which may also be obtained using the symmetries (5.3b)–(5.3c) and
the defining relations (5.4a)–(5.4d) of the q-12j coefficients. In this way, we derive following
the relation:
 j1 j2 j3 j4l1 l2 k1+j2 l4
j1+l1 k2 k3 k4


q
=
(−1)j1+l2−k3+j4+k4+l4 ∇[l3j4k2]∇[j1+j2, l2, l4]
∇[j1l2k3]∇[j2k3l4]∇[l1k2j3]∇[j1+j2, j3, j4]
(
[2l1]![2j1]![2j2]!
[2k1 + 1][2l3 + 1]!
)1/2
×
{
j1+j2 l4 l2
k4 j3 j4
}
. (5.8)
In the doubly stretched case of the q-12j coefficient for j1 = k1 − l1 = l2 − k3 [i.e., when
the adjacent stretched triangles in graph (5.2) are diverging], we obtain from Eq. (5.5a) or
(5.5c), and from Eq. (5.5b) with fixed z1 = z2 = 0, two different double sum expressions,
each depending on 10 parameters and corresponding to the q-generalizations of the Kampe´
de Fe´riet48 function F 1:41:3 , defined as (4.6). Each separate sum corresponds to the balanced
basic hypergeometric 5F4[q, 1] series. Again, we may identify the couples of quintuplets of
factorials under summation signs in the numerator and denominator, each depending on the
summation parameters z3 and z4.
Otherwise, in the case of the merging adjacent stretched triangles (e.g., for k1 = j1+ l1 =
j2 + l3), the straightforwardly derived expressions include the triple sums; in particular
all three sums in (5.8) correspond to the balanced basic hypergeometric 4F3[q, 1] series.
The 4F3[q, 1] type sum over z4 may be rearranged in analogy with expressions for the q-6j
coefficients3,39 into another form (cf. Ref. 36) in a such way that the sum over z3 turns
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into summable balanced basic hypergeometric 3F2[q, 1] series. Hence we obtain the doubly
stretched q-12j coefficient in terms of the double sum:
 j1 j2 j3 j4l1 l2 k1−j2 l4
j1+l1 k2 k3 k4


q
=
(−1)j1+l2−k3 ([2l1]![2j1]![2j2]![2l3]!)
1/2∇[k4l4j4]
∇[l3k2j4]∇[j1l2k3]∇[k4j3l2]∇[j2k3l4]∇[l1k2j3]
×
∑
z,u
[l2 − j3 + k4 + z]![l1 + k2 − j3 + z]![j1 + j3 + k3 − k4 − z]!
[z]![l2 + j3 − k4 − z]![k2 − l1 + j3 − z]![k3 + k4 − j1 − j3 + z]!
×
[2j3 − z]!(−1)
z+u[j4 − k4 + l4 + u]![j4 + l3 − k2 + u]!
[u]![k4 − j4 + l4 − u]![k3 − k4 − j2 + j4 + u]![2j4 + u+ 1]!
×
[k3 + k4 + j2 − j4 − u]![k2 + l3 + j4 + u+ 1]!
[j1 + j2 + j3 − j4 − z − u]![l1 + l3 − j3 + j4 + z + u+ 1]!
, (5.9)
which again depends on 10 parameters and corresponds to the q-generalization of the Kampe´
de Fe´riet48 function F 1:41:3 , with each separate sum corresponding to the balanced basic hy-
pergeometric 5F4[q, 1] series. Perhaps this expression is related to the above mentioned
special case of (5.5a) with fixed z1 = z2 = 0 and the adjacent diverging stretched triangles
of q-12j coefficient with respect to some composition of the usual and “mirror reflection”
(j → −j − 1) symmetries.3,8
In the doubly stretched case of the q-12j coefficient with k1 = j1 + l1 and j4 = k4 + l4
[i.e., for antipode stretched triangles of graph (5.2)], we derive from Eq. (5.7), with fixed
z3 = 0 and z4 = l1 − l3 − j3 + j4 + z1, an expression with a single sum, which corresponds
to the balanced basic hypergeometric 6F5[q, 1] series and depends on 10 parameters:
 j1 j2 j3 l4+k4l1 l2 l3 l4
j1+l1 k2 k3 k4


q
=
(−1)j1+l2−k3 ∇[k1j2l3]∇[j4k2l3]
∇[j1l2k3]∇[k4j3l2]∇[l4k3j2]∇[l1k2j3]
(
[2l1]![2j1]![2l4]![2k4]!
[2k1 + 1]![2j4 + 1]!
)1/2
×
∑
z1
(−1)z1[l2 − j3 + k4 + z1]![j4 − j3 + j2 − j1 + z1]!
[z1]![l2 + j3 − k4 − z1]![j1 + j2 + j3 − j4 − z1]!
×
[l1 + k2 − j3 + z1]![2j3 − z1]!
[k2 + j3 − l1 − z1]![k3 + k4 − j1 − j3 + z1]!
×
[j1 + j3 + k3 − k4 − z1]!
[l1 − l3 − j3 + j4 + z1]![l1 + l3 − j3 + j4 + z1 + 1]!
. (5.10)
In the doubly stretched case with k1 = j1+ l1 and k4 = j4+ l4 (again for antipode stretched
triangles) from (5.5c), after the summation over z2 of the balanced 3F2[q, 1] series (see
Appendix B), we obtain
 j1 j2 j3 j4l1 l2 l3 l4
j1+l1 k2 k3 j4+l4


q
22
=
(−1)l1−l2−k2+k4 ∇[k1j2l3]∇[k4j3l2]
∇[j1l2k3]∇[l4k3j2]∇[j4l3k2]∇[l1k2j3]
(
[2l1]![2j1]![2l4]![2j4]!
[2k1 + 1]![2k4 + 1]!
)1/2
×
∑
z4
(−1)z4 [j2 + l3 − k1 + z4]![k1 + k2 − j2 + j4 − z4]!
[z4]![k1 − j2 + l3 − z4]![k2 + j2 − k1 − j4 + z4]!
×
[l4 − k3 + j2 + z4]![j3 − j4 + j2 − j1 + z4]!
[j1 − j2 + j3 + j4 − z4]![l4 − l2 − j1 + j2 + z4]!
×
[j2 + k3 + l4 + z4 + 1]!
[2j2 + z4 + 1]![l2 + l4 − j1 + j2 + z4 + 1]!
. (5.11)
Again the summation corresponds to the balanced 6F5[q, 1] series and depends on 10 param-
eters. Both expressions (5.10) and (5.11) satisfy some Regge type symmetry relations.
Consider also the doubly stretched cases of q-12j coefficients, the case of the remote
stretched triangles of graph (5.2) with touching angular momenta forming 4-cycles (quad-
rangles). There are four possible different distributions of the summarized angular momenta
of the stretched triangles: both these momenta may be in the same 4-cycle, either (a) ad-
jacent, (b) antiparallel, (c) the first one may be inside and the second one outside of the
4-cycle, or (d) both these momenta may be outside of the 4-cycle. For q-12j coefficients of
the “adjacent” (a) type, e.g., with k1 = j1 + l1 and l3 = k2 + j4, we derive from Eq. (5.7)
the relation
 j1 j2 j3 j4l1 l2 k2+j4 l4
j1+l1 k2 k3 k4


q
=
(−1)j1+l2−k3 ∇[l3j2k1]
∇[j1l2k3]∇[k4j3l2]∇[k3j2l4]∇[j4k4l4]∇[l1k2j3]
(
[2l1]![2j1]![2k2]![2j4]!
[2k1 + 1]![2l3 + 1]!
)1/2
×
∑
z1,z3
(−1)z1+z3 [l2 − j3 + k4 + z1]![j1 + j3 + k3 − k4 − z1]!
[z1]![l2 + j3 − k4 − z1]![j3 + k2 − l1 − z1]!
×
[2j3 − z1]![2l4 − z3]![j4 + k4 − l4 + z3]!
[z3]![j2 − k3 + l4 − z3]![k4 + l1 − l3 + l4 − j3 + z1 − z3]!
×
[j2 + k3 − l4 + z3]!
[k3 − k1 + l3 − l4 + z3]![k3 + j1 + j3 + j4 − l4 − z1 + z3 + 1]!
. (5.12)
The double sum depends on 9 (from 10 free) parameters and corresponds to the q-
generalization of the Kampe´ de Fe´riet48 function F 1:31:2 , defined as (4.6) with b1 + b
′
1 = c1,
and each separate sum corresponding to the balanced 4F3[q, 1] or 4φ3 series. Different (i.e.
not equivalent) expressions of the (a) type appear also for k3 = j1 + l2 and j2 = k1 + l3
from Eq. (5.5b) and for j3 = l1 + k2 and k4 = j4 + l4 from Eq. (5.5c). Furthermore, the
doubly stretched q-12j coefficients of the “antiparallel” (b) type, with k1 = j1 + l1 and
k3 = j2 + l4, expressions (5.5a), (5.5c), and (5.5d) (with fixed parameters z1 and z3) also
turn into (mutually different) double sums, again depending on 9 (from 10 free) parameters
and related to the F 1:31:2 type functions. This is also the case for expression (5.5b) (with fixed
z1 = z3 = 0) for the doubly stretched q-12j coefficients of the “inside–outside” (c) type,
with k1 = j1 + l1 and l4 = j2 + k3 ([or, expression (5.5c) with l2 = j1 + k3 and j2 = k1 + l3).
Finally, expression (5.5a) with fixed z2 = z4 = 0 and l2 = j1 + k3 and l3 = k1 + j2 again
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turns into the double sums depending on 9 (from 10 free) parameters and related to the F 1:31:2
type function for the doubly stretched q-12j coefficients with the both summarized angular
momenta of the “outside” (d) type. These 8 independent expressions should be related to
(5.12) by means of some compositions of the usual and “mirror reflection” (j → −j − 1)
symmetries.3,8 Otherwise, many special versions of (5.5a)–(5.5d) with fixed zi = zi+1 = 0
(i = 1, 2, 3) or z1 = z4 = 0 give expressions for the doubly stretched q-12j coefficients
with remote stretched triangles in terms of the double sums, related to compositions of the
balanced 4F3[q, 1] and 5F4[q, 1] series.
Equation (5.5b) also turns into a single term for l1 + l2 + l3 − l4 = 0 (when the all
summation parameters zi are fixed),
 j1 j2 j3 j4l1 l2 l3 l1+l2+l3
k1 k2 k3 k4


q
=
(−1)j1−j3−k1+k2[2l1]![2l2]![2l3]!∇[l4k3j2]∇[l4j4k4]
[2l4 + 1]!∇[l1j1k1]∇[l1k2j3]∇[l2j1k3]∇[l2j3k4]∇[l3j2k1]∇[l3k2j4]
. (5.13)
For this special q-12j coefficient [as well as in (5.5c) for l1 − l2 + l3 + l4 = 0 and in (5.5d)
for l1 + l2 − l3 + l4 = 0], four linearly dependent angular momenta appear as disconnected
in certain positions on a Hamilton line of graph (5.2). Actually, the single term expression
of this virtually stretched case appears in accordance with symmetries (5.3b)–(5.3c) from
expansion (5.4a) with j1 + j2 − j3 + j4 = 0 and fixed x = j3 − j1 = j2 + j4.
VI. EXPRESSIONS FOR 12j COEFFICIENTS OF THE FIRST KIND
A. Generic properties
Next we consider the rearrangement of expressions for the q-12j coefficients of the first
kind2,3,52,53 whose graphs are not planar:
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(include some braiding31). These coefficients satisfy 16 symmetries, generated by the fol-
lowing substitutions:
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

j1 j2 j3 j4
l1 l2 l3 l4
k1 k2 k3 k4


q
=


j2 j3 j4 k1
l2 l3 l4 l1
k2 k3 k4 j1


q
(6.2a)
=


k1 j4 j3 j2
l4 l3 l2 l1
j1 k4 k3 k2


q
. (6.2b)
There expression2,3,8,31 in terms of the factorized four differently rearranged q-6j coefficients
is 

j1 j2 j3 j4
l1 l2 l3 l4
k1 k2 k3 k4


q
=
∑
x
(2x+ 1)(−1)R4−xqx(x+1)+Zj1j2j3j4+Zk1k2k3k4
×
{
j1 j2 l1
k2 k1 x
}
q
{
j3 k3 x
k2 j2 l2
}
q
{
j3 j4 l3
k4 k3 x
}
q
{
k1 j1 x
k4 j4 l4
}
q
(6.3a)
=
∑
x
(2x+ 1)(−1)R4−xqx(x+1)+Zj1j2j3j4+Zk1k2k3k4
×
{
j1 j2 l1
k2 k1 x
}
q
{
k2 x j2
j3 l2 k3
}
q
{
j3 k3 x
k4 j4 l3
}
q
{
k1 x j1
k4 l4 j4
}
q
, (6.3b)
where the triangular conditions are to be satisfied by all the triplets of the nearest neighbors
such as li, ji, ji+1, or li, ki, ki+1 (i = 1, 2, 3), or l4, j1, k4, or l4, k1, j4, respectively.
After using (2.1b) for the q-6j coefficients with the summation parameter x in the right
lower position, Eq. (2.1a) with inverted summation parameter for the q-6j coefficients with
x in the middle column, and (2.1a) directly in the remaining cases, the depending on the
summation parameter x asymmetric triangle coefficients [distributed separately in the nu-
merators or denominators of each q-6j coefficient in expansions (6.3a) and (6.3b)] cancel,
with the exception of the factors
∇[j1k1x]
∇[k1j1x]
=
[j1 − k1 + x]!
[k1 − j1 + x]!
.
Then, the sums over x correspond to the q-generalization of the very well-poised classical
hypergeometric 6F5(−1) series (resembling the basic hypergeometric 7φ6 series) and may be
rearranged into the 3φ2 or 3F2[q, x] type series using the following two formulas:
∑
j
(−1)p2+j+1qj(j+1)[2j + 1][j − p1 − 1]![j − p2 − 1]![j − p3 − 1]!
[p1 + j + 1]![p2 + j + 1]![p3 + j + 1]![p4 − j]![p4 + j + 1]![p5 − j]![p5 + j + 1]!
=
q−(p4+1)(p5+1)−p2(p4+p5+1)[−p1 − p3 − 2]!
[p1 + p4 + 1]![p2 + p5 + 1]![p3 + p4 + 1]!
×
∑
u
(−1)uqu(p2+p5+1)[p4 − p3 − 1− u]![p4 − p1 − 1− u]!
[u]![−p1 − p3 − 2− u]![p2 + p4 + 1− u]![p4 + p5 + 1− u]!
(6.4a)
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with parameters
p1 = k1 − j1 − 1, p4 = j1 + k2 − l1 + z1, p5 = j3 + k4 − l3 + z3,
p2 = l2 − k2 − j3 + z2 − 1, p3 = l4 − k1 − k4 + z4 − 1;
∑
j
qj(j+1)[2j + 1][j − p1 − 1]![j − p2 − 1]![j − p3 − 1]![j − p5 − 1]!
[p1 + j + 1]![p2 + j + 1]![p3 + j + 1]![p4 − j]![p4 + j + 1]![p5 + j + 1]!
= q−(p4+1)(p5+1)−p2(p4+p5+1)
[−p1 − p3 − 2]![−p2 − p5 − 2]!
[p1 + p4 + 1]![p3 + p4 + 1]!
×
∑
u
(−1)uqu(p2+p5+1)[p4 − p3 − 1− u]![p4 − p1 − 1− u]!
[u]![p4 + p5 + 1− u]![p2 + p4 + 1− u]![−p1 − p3 − 2− u]!
(6.4b)
with parameters
p1 = k1 − j1 − 1, p2 = j3 − k3 − z2 − 1, p3 = j1 − k1 − z4 − 1,
p4 = j1 + k2 − l1 + z1, p5 = l3 − j3 − k4 + z3 − 1.
Equation (6.4a) corresponds to (5.5) [or (5.6), when q = 1] of Ref. 34, with the r.h.s. re-
placed using less symmetric expression3,46 instead of the most symmetric (Van der Waerden)
expression1–3,23,29,45,54 for the Clebsch–Gordan coefficients of SU(2) and uq(2) (cf. also Refs.
35,41), when (6.4b) is derived from (6.4a) using the analytical continuation technique.
B. General expressions with five sums
Substituting the summation parameter u, which appeared after using (6.4a) and (6.4b)
in (6.3a) and (6.3b), by u+ z1, we obtain the following expressions for the q-12j coefficients
of the first kind:

j1 j2 j3 j4
l1 l2 l3 l4
k1 k2 k3 k4


q
= (−1)k1+k2−k3−j2+j3+j4−l4
∇[j3j2l2]∇[k2k3l2]∇[k1j4l4]∇[k4j1l4]
∇[j1j2l1]∇[k2k1l1]∇[j3j4l3]∇[k4k3l3]
×q−(j1+k2−l1+1)(k4−l3+l2−k2)−(l2−k2−j3−1)(j3+k4−l3)+Zj1j2j3j4+Zk1k2k3k4
×
∑
z1,z2,z3,z4,u
(−1)z3+z4+u[j1 + j2 − l1 + z1]![2l1 − z1]!
[z1]![z2]![z3]![z4]![k1 − k2 + l1 − z1]![l1 − j1 + j2 − z1]!
×
q−z2(j1+j3+k2+k4−l1−l3+z3+1)[l2 + j2 − j3 + z2]![l2 + k3 − k2 + z2]!
[j2 + j3 − l2 − z2]![k2 + k3 − l2 − z2]![2l2 + z2 + 1]![2l4 + z4 + 1]!
×
[k3 + k4 − l3 + z3]![j3 + j4 − l3 + z3]![2l3 − z3]!
[k3 + l3 − k4 − z3]![l3 − j3 + j4 − z3]![k1 + j4 − l4 − z4]!
×
qz3(l1−l2−j1+j3)[j4 + l4 − k1 + z4]![j1 + l4 − k4 + z4]!
[l2 − l3 − k2 + k4 + z2 + z3]![j1 − k1 + k2 − k4 − l1 + l4 + z1 + z4]!
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×
qu(k4−k2−l3+l2+z2+z3)[j1 + k1 + k2 + k4 − l1 − l4 − z4 − u]!
[u+ z1]![j1 + k4 − l4 − z1 − z4 − u]![j1 − j3 − l1 + l2 + z2 − u]!
×
[2j1 − k1 + k2 − l1 − u]!
[j1 + j3 + k2 + k4 − l1 − l3 + z3 − u+ 1]!
(6.5a)
= (−1)j1+j3+j4+k2−k3−k4+l2−l3+l4
∇[j3j4l3]∇[k4k3l3]∇[k2k3l2]∇[k1j4l4]
∇[j1j2l1]∇[k2k1l1]∇[j3j2l2]∇[k4j1l4]
×q(j1+k2−l1+1)(l2+k2−l3+k4+1)−(l2+k2−j3+1)(j3+k4−l3+1)+Zj1j2j3j4+Zk1k2k3k4
×
∑
z1,z2,z3,z4,u
(−1)z2+z3+z4+u[j1 + j2 − l1 + z1]![2l1 − z1]!
[z1]![z2]![z3]![k1 − k2 + l1 − z1]![l1 − j1 + j2 − z1]!
×
q−z2(j1−j3+k2−k4−l1+l3+z3)[j2 + j3 − l2 + z2]![2l2 − z2]!
[l2 + k2 − k3 − z2]![j2 − j3 + l2 − z2]![l2 + k2 + k3 − z2 + 1]!
×
q−z3(j1+j3−l1−l2)[k3 − k4 + l3 + z3]![j4 − j3 + l3 + z3]!
[k3 + k4 − l3 − z3]![j3 + j4 − l3 − z3]![2l3 + z3 + 1]!
×
[2l4 − z4]![j1 + k4 − l4 + z4]![k2 + k4 + l2 − l3 − z2 − z3]!
[z4]![k1 + l4 − j4 − z4]![j1 − k1 + k2 + k4 − l1 − l4 + z1 + z4]!
×
q−u(k2+k4+l2−l3−z2−z3+1)[2j1 − k1 + k2 − l1 − u]!
[k1 + l4 + j4 − z4 + 1]![u+ z1]![j1 − k4 + l4 − z1 − z4 − u]!
×
[j1 + k1 + k2 − k4 − l1 + l4 − z4 − u]!
[j1 + j3 − l1 − l2 + z2 − u]![j1 − j3 + k2 − k4 − l1 + l3 + z3 − u]!
. (6.5b)
Each of expressions (6.5a) and (6.5b) includes 5 summations, with four separate sums (over
z1, z2, z3, and z4) corresponding to the finite (balanced in the first and last cases) basic
hypergeometric series 4φ3 or 4F3[· · ·; q, 1] [cf. definition (3.2)], and the fifth sum (over u+ z1)
corresponding to the finite hypergeometric series 3φ2 or 3F2(1), related in the case of (6.5a) to
the Clebsch–Gordan coefficients of uq(2) or SU(2). However, it is impossible to rearrange all
5 sums together into standard basic hypergeometric series p+1φp. Some correlation between
the factorials under the summation signs reveals itself in two quintuplets of factorials of
each expression (6.5a) and (6.5b), depending on the couples of summation parameters z2, z3
and z1, z4. Definite correspondences may be observed in Eqs. (6.5a) and (6.5b) between
the q-phase structure and three particular factorial arguments, depending on the couples
of summation parameters z2, z3, and u, respectively [as well as in q-9j coefficients (3.1a)–
(3.1e) between the q-phases and three factorial arguments, depending on the couples of
summation parameters z1, z2, and z3]. The summation intervals in (6.5a) and (6.5b) are
mainly restricted by 8 triangle linear combinations of parameters, respectively, but in the
stretched cases only (6.5a) for k4 = l4 − j1 and (6.5b) for k4 = l4 + j1 (with z4 = u+ z1 = 0
in the both cases) turn into the triple sums.
C. Stretched cases of the q-12j coefficients of the first kind
When the total (maximal) angular momentum in a stretched triangle of the q-12j coeffi-
cient of the first kind corresponds to a crossbar of the Mo¨bius strip (6.1) [in the middle row
of standard array (6.2a), e.g., for l4 = k4 + j1], we obtain the following expression:
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

j1 j2 j3 j4
l1 l2 l3 k4+j1
k1 k2 k3 k4


q
= (−1)k1+k2−k3−j2+j3+j4−l4
∇[j3j2l2]∇[k2k3l2]∇[l4j4k1]
∇[j1j2l1]∇[k2k1l1]∇[j3j4l3]∇[k4k3l3]
(
[2k4]![2j1]!
[2l4 + 1]!
)1/2
×q−(j1+k2−l1+1)(k4−k2+l2−l3)−(l2−k2−j3−1)(j3+k4−l3)+Zj1j2j3j4+Zk1k2k3k4
×
∑
z1,z2,z3
(−1)z1+z3 [j1 + j2 − l1 + z1]![k1 + k2 − l1 + z1]![2l1 − z1]!
[z1]![z2]![z3]![k1 − k2 + l1 − z1]![l1 − j1 + j2 − z1]!
×
[l2 + j2 − j3 + z2]![l2 + k3 − k2 + z2]!
[j2 + j3 − l2 − z2]![k2 + k3 − l2 − z2]![2l2 + z2 + 1]!
×
[k3 + k4 − l3 + z3]![j3 + j4 − l3 + z3]![2l3 − z3]!
[k3 + l3 − k4 − z3]![l3 − j3 + j4 − z3]![j1 − j3 − l1 + l2 + z1 + z2]!
×
qz3(l1−l2−j1+j3)−z2(j3+k2−l1−l3+l4+z3+1)−z1(l2−l3−k2+k4+z2+z3)
[l2 − l3 − k2 + k4 + z2 + z3]![j3 + k2 − l1 − l3 + l4 + z1 + z3 + 1]!
. (6.6)
This special case of (6.5a) with 3 separate sums corresponds to the finite basic hypergeo-
metric series 4F3[· · ·; q, x]. Expression (6.6) does not simplify noticeably for two adjacent
merging stretched triangles (with l4 = k4 + j1 = k1 + j4) in the same q-6j coefficient of ex-
pansion (6.3a), but one of the sums turns into a 3F2[· · ·; q, x] series for two adjacent diverging
stretched triangles (e.g., with j1 = l4−k4 = l1−j2, or with j1 = l4−k4 = j2−j1). The Chu–
Vandermonde summation formula (B1c) may be used in Eq. (6.6) for j1 = 0, l1 = j2, k4 = l4
and for k4 = 0, l4 = j1, k3 = l3. In these cases, the couples of the q-6j coefficients appear in
accordance with Eq. (33.21) of Ref. 3, as well as the consequences of expansions (6.3a)–(6.3b)
for fixed x.
When the total angular momentum in a stretched triangle of the q-12j coefficient of the
first kind is located along the Mo¨bius strip (6.1) (e.g., for k4 = l4 + j1), we obtain from
(6.5b), after change of summation parameter z2 → l2+k2−k3−z2, the following expression:

j1 j2 j3 j4
l1 l2 l3 l4
k1 k2 k3 l4+j1


q
=
(−1)j3+j4−l3+l2+k2−k3∇[j3j4l3]∇[k4k3l3]∇[k2k3l2]
∇[j1j2l1]∇[k2k1l1]∇[j3j2l2]∇[l4k1j4]
(
[2j1]![2l4]!
[2k4 + 1]!
)1/2
×q(j1+k2−l1+1)(k2+k4+l2−l3+1)−(l2+k2−j3+1)(j3−l3+k4+1)+Zj1j2j3j4+Zk1k2k3k4
×
∑
z1,z2,z3
[j1 + j2 − l1 + z1]![k1 + k2 − l1 + z1]![2l1 − z1]!
[z1]![z2]![z3]![k1 − k2 + l1 − z1]![l1 − j1 + j2 − z1]!
×
(−1)z1+z2+z3[j2 + j3 − l2 + z2]![2l2 − z2]!
[l2 + k2 − k3 − z2]![j2 − j3 + l2 − z2]![l2 + k2 + k3 − z2 + 1]!
×
qz1(k2+k4+l2−l3−z2−z3+1)[k3 − k4 + l3 + z3]![j4 − j3 + l3 + z3]!
[k3 + k4 − l3 − z3]![j3 + j4 − l3 − z3]![2l3 + z3 + 1]!
×
q−z2(k2−j3−l1+l3−l4+z3)−z3(j1+j3−l1−l2)[k2 + k4 + l2 − l3 − z2 − z3]!
[j1 + j3 − l1 − l2 + z1 + z2]![k2 − j3 − l1 + l3 − l4 + z1 + z3]!
. (6.7)
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Expression (6.7) does not simplify for two couples of adjacent diverging stretched triangles
[with l4 = k4−j1 = k1−j4, or with l4 = k4−j1 = j4−k1, respectively, again in the same q-6j
coefficient of expansion (6.3b)], but for l4 = 0, k4 = j1, j4 = k1 (after substitution q → q
−1)
it corresponds to the general expression (3.1a) for the q-9j coefficients, in accordance with
Eq. (33.20) of Ref. 3. The triple sums in (6.6) and (6.7) resemble expressions for the
q-9j coefficients and definite correspondences may be observed between the q-phases and
three factorial arguments, depending on the couples of summation parameters z1, z2, and
z3, respectively. Expansion of the present couples of the factorial quintuplets (depending on
parameters z1, z2 and z2, z3, respectively) using the Chu–Vandermonde summation formulas
enables one to perform the summation over z2 and thus obtain expressions for the stretched
q-12j coefficients of the first kind as fourfold sums, related to compositions of 3F2[· · ·; q, x]
series.
Again, one of the sums in (6.7) turns into a 3F2[· · ·; q, x] series for two adjacent diverging
stretched triangles in two adjacent q-6j coefficients of expansion (6.3a) (e.g., with j1 =
k4− l4 = l1− j2, or with j1 = k4− l4 = j2− l1), as well as for two adjacent merging stretched
triangles (e.g., with k4 = l4 + j1 = k3 + l3). The possible rearrangement of the 3F2[· · ·; q, x]
series is not helpful for reducing the remaining 4F3[· · ·; q, x] series.
The doubly stretched q-12j coefficients of the first kind with the adjacent consecutive
stretched triangles may be expressed for k4 = l4 + j1 and j1 = l1 + j2 or l3 = k3 + k4 by
means of (6.7), as well as for l4 = k4 + j1 and j1 = l1 + j2 or k4 = k3 + l3 by means of (6.6),
as the double sums, related to the stretched q-9j coefficients, respectively, of the type (3.1a)
or (3.1b) (with some “reflected” parameters in the last cases). In this way we derive, for
k4 = l4 + j1 and j1 = l1 + j2 [comparing (6.7) and (3.1a)], the following relation:

l1+j2 j2 j3 j4
l1 l2 l3 l4
k1 k2 k3 l4+j1


q
= (−1)j3+j4−l3+l2+k2−k3qZj1j2j3j4+Zk1k2k3k4−Zl2,l3,l1+l4
∇[l1+l4, j4, k2]
∇[l1k1k2]∇[l4k1j4]
×
(
[2l1]![2l4]!
[2l1 + 2l4]![2j1 + 1]
)1/2

k4 k3 l3
j2 l2 j3
l1+l4 k2 j4


q−1
. (6.8)
Similarly, for k4 = l4 + j1 and l3 = k3 + k4 we obtain

j1 j2 j3 j4
l1 l2 k3+k4 l4
k1 k2 k3 l4+j1


q
= qZj1j2j3j4+Zk1k2k3k4−Zl2,j1+k3,l1
(−1)j3+j4−l4−l2−k2−j2+l1∇[l3j3j4]
∇[l4k1j4]∇[j1+k3, j3, k1]
×
(
[2l4]![2j1 + 2k3 + 1]!
[2l3 + 1]![2k4 + 1]
)1/2

j1 k3 j1+k3
j2 l2 j3
l1 k2 k1


q−1
. (6.9)
We remark that the doubly stretched q-12j coefficients of the first kind for l4 = k4 + j1
and l2 = j2 + j3 or l2 = k2 + k3 [expressed by means of (6.6)], as obtained from (6.6), as
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well as for k4 = l4 + j1 and j3 = l2 + j2 or k3 = l2 + k2 as obtained from (6.7), turn into
double sums equivalent to compositions of 4F3[· · ·; q, x] and 3F2[· · ·; q, x] series. However,
although the 3F2[· · ·; q, x] series may be rearranged into other forms, these double sums are
not equivalent to any composition of two generic 3F2[· · ·; q, x] series and, moreover, they are
not related to any q-9j coefficient. Minton’s summation formula (B3a) (see Ref. 36) may
be helpful in the analogical position of the stretched triangles in (6.6) for l4 = k4 + j1 and
j2 = l2+ j3 or k3 = k2+ l2, as well as in (6.7) for k4 = l4+ j1 and l2 = k2+k3. Otherwise, the
3F2[· · ·; q, x] series appearing in the triple sums, which remain in Eq. (6.6) for j3 = j2 + l2
or k2 = l2 + k3, and in Eq. (6.7) for j2 = l2 + j3 or k2 = l2 + k3, may be rearranged, but it
is more reasonable in such a case to use the different expansions of the type (6.3a)–(6.3b)
with inserted stretched q-6j coefficients and adapted [e.g., expansion (6.3b) for l4 = k4 + j1
and j3 = j2 + l2 or expansion (6.3a) for k4 = l4 + j1 and j2 = l2 + j3, with transposed the
middle and the right columns of the third q-6j coefficients in the both cases] for summation
by means of (A2) or (A3).
Furthermore, expression (6.6) turns into double sums equivalent to compositions of two
4F3[···; q, x] series for the remote stretched triangles of graph (6.1) l4 = k4+j1 and j3 = l3+j4
or k2 = k1 + l1 (when two couples of the touching angular momenta form the 4-cycles, or
quadrangles), as well as expression (6.7) for k4 = l4 + j1 and l3 = j3 + j4 or k2 = k1 + l1.
Again, Minton’s summation formula (B3a) may be used in (6.7) for j4 = j3 + l3 and the
3F2[· · ·; q, x] series may be rearranged in the triple sums, which remain in Eq. (6.6) for
l1 = k1+ k2 or l3 = j3+ j4 and in Eq. (6.7) for j3 = l3+ j4 or k1 = k2+ l1. Expansion (6.3a)
with inserted stretched q-6j coefficients may be used for summation by means of (A1) for
l4 = k4 + j1 and l1 = k1 + k2, as well as expansion (6.3b) for summation by means of (A2)
for k4 = l4 + j1 and k1 = k2 + l1, after in the both cases the middle and the right columns
of the second q-6j coefficients are transposed.
In general, the triply stretched cases of the q-12j coefficients of the first kind may always
be expressed in terms of the double sums, applying some “mirror reflection” (j → −j − 1)
operations to the above mentioned expressions, or using the above mentioned rearrange-
ments. In particular, the double sums (compositions of two 3F2[· · ·; q, x] series) related to
the most generic Kampe´ de Fe´riet48 functions of the type F 0:31:1 (with 9 independent param-
eters) appear instead of (6.7) in the triply stretched cases with k4 = l4 + j1 = k3 + l3 and
j3 = j2 + l2, or with j1 = k4 − l4 = j2 − j1 and k3 = k2 + l2.
Let us return to the generic expressions (6.5a) and (6.5b). In both formulas, for j2 =
0, l1 = j1, l2 = j3, the summation parameters z1, z2 and u are fixed, the two remaining
separate sums (over z3, z4) correspond to the balanced 4F3[q, 1] series, and the couples of
the q-6j coefficients appear straightforwardly, in accordance with the expansion (6.3a)–
(6.3b) for fixed x. Furthermore, in both (6.5a) and (6.5b), the parameters z1, z2 and u are
also fixed for j1 + j2 + k1 − k2 = 0, i.e., for the adjacent consecutive stretched triangles
k2 = k1 + l1 = k1 + j1 + j2 with the intermediate angular momentum corresponding to a
crossbar of the Mo¨bius strip (6.1). Two remaining separate sums (over z3, z4) correspond
to the balanced (Saalschu¨tzian) 4F3[q, 1] [related to q-6j coefficient of the type (2.1a)] and
summable [see Eq. (B2a)] 3F2[q, 1] series. In this way, we derived the following relation:

j1 j2 j3 j4
j1+j2 l2 l3 l4
k1 k1+l1 k3 k4


q
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= (−1)k1+j3−l3−l4+2k3
q2j1k1+Zj2j3j4+Zk2k3k4∇[k2k3l2]∇[k1+j1, j4, k4]
∇[j1k4l4]∇[j2l2j3]∇[k1j4l4]∇[k1+j1, j3, k3]
×
(
[2j2]![2j1]![2k1]!
[2k2 + 1]![2l1 + 1]
)1/2{
j3 j4 l3
k4 k3 k1+j1
}
q
. (6.10)
For 4 mutual positions of the couples of the stretched triangles in the graph of the q-12j
coefficient of the first kind, there are 22 different orientations of the total (maximal) angular
momenta. In seven cases, the expressions include triple sums, twice they are proportional
to the stretched q-9j coefficients, and once to the q-6j coefficient. In the remaining 12 cases,
double sums may be obtained. Otherwise, for 3 mutual positions of the stretched triangles
in the q-12j coefficient of the second kind, only 9 different orientations of the total angular
momenta are possible, and in 6 cases double sums appear, and in 3 cases the expressions
are single sums (only once proportional to the q-6j coefficient).
Finally, the summation parameters z1, z3 and u in (6.5b) are fixed for j1−j3+k1+k3 = 0,
as well as for x = j3 − k3 = j1 + k1 in expansion (6.3a), in which cases 4 linearly dependent
angular momenta appear (disconnected) on the Hamilton line of graph (6.1). In this case,
two remaining separate sums (over z2, z4) are summable Saalschu¨tzian series 3F2[q, 1] [see
Eqs. (B2a) and (B2b)], and the following expression may be derived:

j1 j2 j1+k1+k3 j4
l1 l2 l3 l4
k1 k2 k3 k4


q
= (−1)j2+j4−l1−k1−j1−l4
×
q2j1k1+Zj2j3j4+Zk2k3k4 [2j1]![2k1]![2k3]!∇[j3j4l3]∇[j3j2l2]
[2j3 + 1]!∇[j1j2l1]∇[k1k2l1]∇[j1k4l4]∇[k1j4l4]∇[k3k2l2]∇[k3k4l3]
. (6.11)
As for (5.13), the virtually stretched triangles are seen only in the q-6j coefficients, which
appear in expansion of the q-12j coefficient of the first kind with extreme parameters.
VII. CONCLUDING REMARKS
Using Dougall’s summation formula28 of the very well-poised 4F3(−1) series and its gen-
eralization for the q-factorial series we derived six new (independent) triple sum expressions
for 9j coefficients of SU(2) and seven independent triple sum expressions for q-9j coefficients
of the quantum algebra uq(2). Rearrangement technique of the multiple sum expressions
give several classes of double sum expressions for the stretched 9j coefficients of SU(2) and
uq(2), related to the Kampe´ de Fe´riet functions. Hence the new multiple basic hypergeomet-
ric series are introduced (cf. Ref. 55). Otherwise, Dougall’s summation formula28 of the very
well-poised 5F4(1) series and the transformation formula
34 of the very well-poised 6F5(−1)
series, allowed us to eliminate the factorial sums weighted with factor (2j +1) and the very
well-poised series in the traditional expressions of the 12j coefficients of SU(2) in terms of
6j coefficients, as well as in the expressions of the q-12j coefficients of uq(2) weighted with
factor [2j + 1]. Although the obtained generic expressions for the q-12j coefficients of the
first kind include fivefold sums and the generic expressions for the q-12j coefficients of the
second kind contain fourfold sums, the stretched and doubly stretched q-12j coefficients of
both become considerably simpler and present some new versions of the triple, double, or
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single basic hypergeometric series, but more unusual and complicated than appear in the
manuals of the angular momentum theory. The single term expressions for the q-12j coeffi-
cients of the both kinds also embrace the virtually stretched cases with four extreme linearly
dependent disconnected angular momenta parameters appearing on the Hamilton lines of
graphs (5.2) or (6.1).
The symmetry properties and variety of expressions for the 12j and q-12j coefficients
of the both kinds may inspire new possibilities of rearrangement of the multiple and usual
classical and basic hypergeometric series. Expressions for 3nj coefficients of SU(2) (with
n > 4) in terms of 6j coefficients also may be rearranged using, e.g., Watson’s transformation
formula of the very well-poised 7F6(1) series [see Eq. (2.5.1) of Ref. 36 or Eq. (6.10) of Ref.
56]. One may also use Eq. (5.3) of Ref. 34 for rearrangement of the very well-poised 8F7(−1)
series, or Eqs. (A5) of Ref. 57 for rearrangement of the very well-poised 9F8(1) series. The
number of sums in two last cases increases with elimination of the sums dependent on
(2j + 1).
APPENDIX A: GENERALIZATION OF DOUGALL’S 4F3(−1) AND 5F4(1)
SUMMATION FORMULAS FOR q-FACTORIAL SERIES
We present here 3 summation formulas of the twisted very well-poised q-factorial series,
as generalizations of Dougall’s summation formula (2.3.4.8) of Ref. 28 of the very well-poised
4F3(−1) series. In particular, equation
∑
j
(−1)p1+j+1qj(j+1)−p1(p1+1)[2j + 1][j − p1 − 1]!
[p1 + j + 1]![p2 − j]![p2 + j + 1]![p3 − j]![p3 + j + 1]!
=
q−(p1+p2+1)(p1+p3+1)
[p1 + p2 + 1]![p1 + p3 + 1]![p2 + p3 + 1]!
, (A1)
(valid when the summation parameter j is restricted naturally by the non-negative integer
values of the denominator factorial arguments) was derived by Aliˇsauskas.34
Two other summation formulas,
∑
j
qj(j+1)−p1(p1+1)[2j + 1][j − p1 − 1]![j − p3 − 1]!
[p1 + j + 1]![p2 − j]![p2 + j + 1]![p3 + j + 1]!
=
q−(p1+p2+1)(p1+p3+1)[−p1 − p3 − 2]!
[p1 + p2 + 1]![p2 + p3 + 1]!
(A2)
and
∑
j
(−1)p2−jqj(j+1)[2j + 1][j − p1 − 1]![j − p3 − 1]![−p3 − j − 2]!
[p1 + j + 1]![p2 − j]![p2 + j + 1]!
=
qp1(p1+1)−(p1+p2+1)(p1+p3+1)
[p1 + p2 + 1]!
[−p1 − p3 − 2]![−p2 − p3 − 2]!, (A3)
correspond to the analytical continuation of (A1).
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Besides we present here two summation formulas of the very well-poised q-factorial series,
∑
j
[2j + 1] [j − p1 − 1]![j − p2 − 1]!
[p1 + j + 1]![p2 + j + 1]![p3 − j]![p3 + j + 1]![p4 − j]![p4 + j + 1]!
=
[−p1 − p2 − 2]![p1 + p2 + p3 + p4 + 2]!
[p1 + p4 + 1]![p2 + p4 + 1]![p3 + p4 + 1]![p2 + p3 + 1]![p1 + p3 + 1]!
, (A4a)
and34
∑
j
(−1)p4−j [2j + 1] [j − p1 − 1]![j − p2 − 1]![j − p3 − 1]!
[p1 + j + 1]![p2 + j + 1]![p3 + j + 1]![p4 − j]![p4 + j + 1]!
=
[−p1 − p2 − 2]![−p2 − p3 − 2]![−p1 − p3 − 2]!
[p1 + p4 + 1]![p2 + p4 + 1]![p3 + p4 + 1]![−p1 − p2 − p3 − p4 − 3]!
. (A4b)
[Cf. Dougall’s summation theorem of special very well-poised hypergeometric series 5F4(1) as
(2.3.4.5) of Ref. 28 and special very well-poised basic hypergeometric series 6φ5 as (2.4.2) of
Ref. 36. Note that very well-poised basic hypergeometric series 2kφ2k−1 cannot be expressed
in terms of 2kF2k−1[· · ·; q, x] series (3.2)].
The very well-po ised 6F5(−1) and 7F6(1) series appear in context of the Clebsch–Gordan
and 6j coefficients of SU(2) as presented in Ref. 41 (see also Ref. 3), as well as their q-analogs
in the CG (cf. Ref. 35) and 6j coefficients (cf. Ref. 56) of uq(2). The summation formulas
(A1) and (A2) may be obtained after cancelling some factorials in the numerators and
denominators of (6.4a) and (6.4b), respectively, for p3 = −p1 − 2.
APPENDIX B: CHU–VANDERMONDE, SAALSCHU¨TZIAN, AND MINTON’S
SUMMATION FORMULAS
We present here the Chu–Vandermonde–Gauss–Heine summation formulas,3,39,36
∑
s
qs(a+b+c)
[s]![b− s]![c− s]![a + s]!
=
qbc[a + b+ c]!
[b]![c]![a + b]![a + c]!
, (B1a)
∑
s
(−1)sqs(b+c−a−1)[a− s]!
[s]![b− s]![c− s]!
= qbc
[a− b]![a− c]!
[b]![c]![a− b− c]!
(B1b)
for a ≥ b, c,
∑
s
(−1)sqs(b−a+c−1)[a− s]!
[s]![b− s]![c− s]!
= (−1)cqbc
[a− c]![b− a+ c− 1]!
[c]![b]![b − a− 1]!
(B1c)
for b > a ≥ c, and
∑
s
qs(a+b−c+2)
[a− s]![b+ s]!
[s]![c− s]!
= q(b+1)c
[a− c]![b]![a + b+ 1]!
[c]![a + b− c+ 1]!
, (B1d)
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valid for finite q-factorial series and needed for rearrangements of Section IV.
Under condition c + d = a + b + e, we may use also the summation formulas of the
balanced (Saalschu¨tzian) 3F2[q, 1] series [cf. Refs. 28,36],
∑
s
(−1)s[c+ s]![d− s]!
[s]![a− s]![b− s]![e+ s + 1]!
=
[c]![d− a]![d− b]![c + d+ 1]!
[a]![b]![a + e + 1]![b+ e + 1]![e− c]!
(B2a)
for e− c ≥ 0 and
∑
s
(−1)s[c− s]![d− s]!
[s]![a− s]![b− s]![e− s+ 1]!
=
[c− a]![c− b]![d − a]![d − b]!
[a]![b]![e − c]![e− d]![e+ 1]!
(B2b)
for e− c ≥ 0 and e− d ≥ 0.
It is sometimes useful to implement the q-version of Minton’s summation formula or its
inverse [cf. Eq. (1.9.6) of Ref. 36]:
∑
s
(−1)sqs(n−
∑r
i=1mi)
[s]![n− s]![S + s]
m∏
j=1
(bj + s|q)mj =
qS(
∑r
i=1 mi−n)
(S|q)n+1
m∏
j=1
(bj − S|q)mj , (B3a)
if S + s 6= 0 for s = 0, 1, ..., n, and n ≥
∑r
i=1mi;
∑
s
(−1)sqs(a+b−c−m)[c− s]!
[s]![a− s]![b− s]![S − s+ 1]
m∏
j=1
[Aj − s]
= (−1)a+b−c−mq(S+1)(a+b−c−m)
[S − a]![S − b]!
[S − c]![S + 1]!
m∏
j=1
[S −Aj + 1], (B3b)
which is valid if S − s + 1 6= 0 for s = 0, 1, ...,min(a, b) and a + b − c −m ≥ 0. Note that
the analytical continuation of the summation formulas (B3a) and (B3b) of the alternating
series to related series with the fixed sign of all terms is impossible.
APPENDIX C: REARRANGEMENT FORMULAS OF SOME DOUBLE SUMS
AND KAMPE´ DE FE´RIET FUNCTIONS
Comparing the double finite q-factorial series that appear in the most symmetric ex-
pression (4.4b) for the stretched q-9j coefficients with its counterparts in Eqs. (4.4c) and
(4.3a)–(4.3e), respectively, and using single nonnegative integers a, b, c, d,m, n, e−a, f−b (as
the parameters restricting summation intervals in different situations) instead of the triangu-
lar linear combinations of angular momenta (after changing some summation parameters),
the following rearrangement formulas may be written:
∑
s,z
(−1)s+z
qs(b+c+e−m−n+1)−z(a+d+f−m−n+1)[c+ s]![e− s]![d + z]![f − z]!
[s]![a− s]![z]![b − z]![n− s− z]![m− a− b+ s+ z]!
(C1a)
=
[e− a]![a+ c−m]![d]![d +f+1]!
[a]![m+ n− a− b]!
∑
s,z
[c+ s]![e− s]![f − z]!
[s]![e− a− s]![z]![b − z]!
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×
(−1)n+sqn(b+c+1)−s(m+1)−z(a+b+c+d−m+1)
[d + f + 1− z]![n − s− z]![a + c−m− n + s+ z]!
(C1b)
= qa(c+e−n+1)+bn
[d]![d+ f + 1]![e− a]![c+ e + 1]!
[m+ n− a− b]!
×
∑
s,z
(−1)a+s+zq−s(e−n+z)−z(b+d−m)[a+ c− s]![f − z]![m + n− s− z]!
[s]![a− s]![m− s]![c+ e+ 1− s]![z]![b − z]![n− z]![d+ f + 1− z]!
(C1c)
= qn(c+1)−b(b+d−m)−(b+e−a)(c+e−n+1)
[d]![d+ f + 1]![e− a]![c + e+ 1]!
[m+ n− a− b]!
×
∑
s,z
(−1)a+e+n+s[c+ e− a− s]![c+ e−m− s]![f − b+ z]!
[s]![e− a− s]![c + e+ 1− s]![b+ c + e−m− n− s− z]!
×
qs(b+e−n−z)+z(b+c+d+e−m+1)
[z]![b − z]![n − b+ z]![d + f − b+ 1 + z]!
(C1d)
= qa(c+1)−n(a+d−m)
[e− a]![c + e+ 1]![f − b]!
[b]![m + n− a− b]!
∑
s,z
(−1)s+zqs(e−z)−z(m−a+1)
[s]![a− s]![c+ e− a+ 1 + s]!
×
[c + s]![a + b+ d−m− s]![f − n + z]![d + n− z]!
[a + b+ d−m− s− z]![z]![n − z]![f − b− n + z]!
(C1e)
= qa(c+e−m−n)−b(d+f−n+1)
[f − b]![d+ f + 1]!
[m+ n− a− b]!
∑
z,s
(−1)a+b+s+z
[e− a+ s]!
[s]![a− s]!
×
[a + c− s]![b+ d− z]![m + n− a− z]!qz(a+f−n−s)−s(c+e−m−n+1)
[n− a+ s]![z]![b − z]![d + f + 1− z]![m − s− z]!
(C1f)
= qa(a+c+d+1)−n(a+d+1)+(a+b−f)(b−m)
[c]![d]![f − b]![d + f + 1]![c+ e+ 1]!
[b]![m + n− a− b]!
×
∑
s,z
(−1)b−f+n+zq−s(a+b+c+d−m+z+1)−z(m+n−a−b)
[s]![a− s]![a + d+ f −m− n− s]![c + e− a+ s+ 1]!
×
[e− a+ s]![b+ z]![b + d−m+ z]!
[z]![f − b− z]![b− a− f + n+ s+ z]![b + d+ z + 1]!
. (C1g)
We have only single terms in (C1a), (C1b), and (C1e) for n = 0, as well as in (C1a) and
(C1f) for m = 0. The bizarre restrictions b + c + e −m − n ≥ 0 for (C1b) and (C1d) and
a+d+f−m−n ≥ 0 for (C1e) and (C1g) also correspond to some triangular conditions with
remaining double series summable for their limit values. Otherwise, restrictions c+e−m ≥ 0
in (C1d), a + b+ d−m ≥ 0 in (C1e), or d+ f −m ≥ 0 in (C1g) correspond to some sums
of triangular conditions.
Using above derived expressions for the stretched q-9j coefficients, we may write in the
notations (4.6) the following rearrangement formulas for the q-generalizations of special
Kampe´ de Fe´riet functions F 0:31:1 , F
0:3
1:1 , and F
1:2
1:1 :
+F 0:31:1
[
−
b1 + b
′
1
:
b1, b2, −m
d
;
b′1, b
′
2, −n
d′
; xa, ya; q
]
(C2a)
= −F 1:20:2
[
1−b1−b
′
1−m−n
−
:
−m− d+ 1, −m
1−b1−m, 1−b2−m
;
−d′ − n + 1, −n
1−b′1−n, 1−b
′
2−n
; xb, yb; q
]
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×(−1)m+nqm(b2−b
′
1
−d−m+1)+n(b′
2
−b1−d′−m−n+1)
×
(b1|q)m(b2|q)m(b
′
1|q)n(b
′
2|q)n
(d|q)m(d′|q)n(b1 + b′1|q)(m+n)
(C2b)
= −F 1:20:2
[
b2−b1−b
′
1−n+1
−
:
b2 − d+ 1, b2
b2+m+1, b2−b1+1
;
1− d′ − n, −n
1−b′1−n, 1−b
′
2−n
; xc, yc; q
]
×(−1)b
′
1+b2+d+m−1qn(b
′
2−d
′)+b2(d+m−b2−1)+b′1(2b1+b
′
1+2n−1)
×
(b′2|q)n(d− b2|q)(−d−m)
(d′|q)n(m+ 1|q)(−d−m)
[
b1 − b2 − 1
−b′1 − n
]
q
[
−b1 − b
′
1
−b1
]−1
q
(C2c)
= +F 0:31:1
[
−
d′−b′2+b1+b
′
1+n
:
b1−b
′
2+d
′+n, b2,−m
d
;
d′−b′2, b
′
1, d
′+n
d′
; xd, yd; q
]
×(−1)b
′
1q−b
′
1
(b′
2
−d′−n)
(d′ − b′2 + b1 + b
′
1 + n|q)(−b′1)
(−b1 + 1|q)(−b′
1
)
(C2d)
= +F 0:31:1
[
−
1−b1−m−n
:
b′1, 1−d−m,−m
b2 − d−m+ 1
;
d′−b′2, 1−b1−b
′
1−m−n,−n
1− b′2 − n
; xe, ye; q
]
×qm(b2−b
′
1−1)+n(b
′
1+b
′
2−d
′)
(1− b1 −m− n|q)(−b′
1
)(d− b2|q)m(b
′
2|q)n
(−b1 + 1|q)(−b′
1
)(d|q)m(d′|q)n
(C2e)
= −F 1:20:2
[
b1
−
:
d− b2, −m
1− b′1 −m, d
;
b′2, −n
b′2 − d
′ − n + 1, b1 + b
′
1 +m
; xf , yf ; q
]
×qm(b1−1)+nb
′
2
(b′1|q)m(d
′ − b′2|q)n
(b1 + b
′
1|q)m(d
′|q)n
(C2f)
= +F 1:21:1
[
b′1
1− b1 −m− n
:
1− d−m, −m
b2 − d−m+ 1
;
d′ − b′2, −n
d′
; xg, yg; q
]
×qm(b2−b
′
1
)+b′
1
n
(d− b2|q)m(−b1 −m− n+ 1|q)(−b′
1
)
(d|q)m(−b1 + 1|q)(−b′
1
)
(C2g)
= −F 1:21:1
[
b′1
b1 + b
′
1 − d+ 1
:
b2 − d+ 1, 1− d−m
b2 − d−m+ 1
;
b′2,−n
d′
; xh, yh; q
]
×qb
′
1(d−1)+mb2
(d− b2|q)m(d− b1|q)(−b′
1
)
(d|q)m(−b1 + 1|q)(−b′
1
)
(C2h)
= +F 1:21:1
[
b2 − b1 − b
′
1 − n+ 1
b2 − b
′
1 − d− n+ 2
:
b2 − d+ 1, m+ 1
b2 +m+ 1
;
1− d′ − n,−n
1− b′2 − n
; xh, yh; q
]
×(−1)b
′
1
+b2+d+m−1qb2(2b
′
1
−b2+d+m−1)−b′1(b
′
1
−1)+n(b′
2
−d′)+2(b2−b1−b′1−n+1)(b2−b
′
1
−d+1)
×
(b′2|q)n(d− b2|q)(−d−m)
(d′|q)n(m+ 1|q)(−d−m)
[
b1 − d
b1+b′1−b2+n−1
]
q
[
−b1 − b
′
1
−b1
]−1
q
(C2i)
= −F 0:31:1
[
−
b1 + b
′
1
:
b1, b
′
2, −n
b′2 − d
′ − n + 1
;
b′1, b2, −m
b2 − d−m+ 1
; xj , yj; q
]
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×qmb2+nb
′
2
(d− b2|q)m(b
′
2 − d
′ − n + 1|q)n
(d|q)m(−n− d′ + 1|q)n
(C2j)
= +F 1:20:2
[
b2−b1−b
′
1−n+1
−
:
d′ − b′2, −n
d−b1−n, 1−b
′
2−n
;
b2 − d+ 1, m+ 1
b2+m+1, b2−b
′
1−d+2
; xk, yk; q
]
×(−1)b
′
1
+b2+d+m+1q2(b2−b1−b
′
1
−n+1)(b2−b′1−d+1)−b2(b2−d−m+1)+n(b
′
2
−d′)+b′
1
(2b2−b′1+1)
×
(b′2|q)n(d− b2|q)(−d−m)
(d′|q)n(m+ 1|q)(−d−m)
[
b1 + n− d
b2 − b
′
1 − d+ 1
]
q
[
−b1 − b
′
1
−b1
]−1
q
, (C2k)
where
xa = q
b2−b′1−d−m+1 and ya = q
b′2−b1−d
′−n+1,
xb = q
b2−b′1−d−m−n+1 and yb = q
b′2−b1−d
′−m−n+1,
xc = q
b2−b′1−d−m−n+1 and yc = q
b2−b1+b′2−d
′−n+1,
xd = q
b2−b′1−d−m+1 and yd = q
−b1+1,
xe = q
b1+b′1−b2+n and ye = q
d′−b′1 ,
xf = q
b1+b′1−b2 and yf = q
d′−b′
1
−m,
xg = q
b1+b′1−b2+n and yg = q
b1+b′1−b
′
2
+m,
xh = q
−b1+1 and yh = q
d−d′−b1+b′2−n,
xj = q
d′−b′1 and yj = q
d−b1 ,
and xk = q
d′−d+b2−b′1+1 and yk = q
−n−b1+1,
respectively, where only parameters m,n,−b1,−b
′
1 are apparently correlated with some tri-
angular conditions. Special Kampe´ de Fe´riet functions (C2a) and (C2b) correspond, re-
spectively, to the inverse and direct sums in (4.3a), when function (C2c) corresponds to the
direct sum in (4.3b), function (C2d) corresponds to the inverse sum in (4.3c), and functions
(C2e) and (C2f) correspond, respectively, to the inverse and direct sums in (4.3d). Further,
functions (C2g), (C2h), and (C2i) correspond, respectively, to the sums that appeared in
(4.4b) and (4.4c), as well as in (C1a) and (C1b). The two last functions (C2j) and (C2k)
are derived from (C2a) and the direct sum in (4.3c), respectively, after using the symmetry
of +F 1:21:1 function in (C2g) with fixed b1 and b
′
1 under interchange of two sets,
b2, m, d, d
′ and b′2, n, b
′
2 − d
′ − n + 1, b2 − d −m+ 1,
together with transition to −F 1:21:1 and q → q
−1.
Finiteness of the Kampe´ de Fe´riet series (C2a) is ensured either by the non-negative
integer values of m and n, or by the non-positive integer values of b1 and b
′
1, or by some
their couples (m and −b′1, or −b1 and n). The both summation parameters are also restricted
by the non-negative integer values of m and n in series (C2b), (C2e)–(C2g), and (C2j), as
well as by the non-negative values of m and −b′1 in series (C2a) and (C2d), or by the non-
negative values of n and d − b2 − 1 in series (C2c), (C2h), (C2i), and (C2k). Furthermore,
the parameter b′1 with the non-positive integer values restricts the double series in (C2h)
and (C2i), as well as separate series in (C2a), (C2e), and (C2j). Series (C2f) are finite for
the non-positive integer values of single parameter b1, as well as (C2c), (C2i), and (C2k)
for the non-positive integer values of b2−b1−b
′
1−n+1. Hence, special Kampe´ de Fe´riet
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functions (C2a)–(C2k) are summable for b1 = 0, or b
′
1 = 0, or b2−b1−b
′
1−n+1 = 0 (i.e.,
for c = b1 − b
′
1 = b2 − n + 1) and, taking into account the symmetry of (C2a) with respect
to the interchange of two sets, b1, b2,−m; d and b
′
1, b
′
2,−n; d
′, for b′2− b
′
1− b1−m+1 = 0
(i.e., for c = b1 − b
′
1 = b
′
2 − m + 1). The subscripts of the q-Pochhammer symbols in the
proportionality coefficients are accepted as non-negative integers, when they perform the
restricting role or correspond to definite non-negative linear combinations of 9j parameters.
Otherwise, for the negative integer subscripts (−n) the following substitution may be used:
(α + n|q)(−n)
(β + n|q)(−n)
→
(β|q)n
(α|q)n
.
Hence in the q = 1 case up to 5 or 6 parameters may be complex in the rearrangement
formulas (C2a)–(C2j) of special Kampe´ de Fe´riet series, with exception of (C2c), (C2i),
and (C2k). In these three cases, which ensure the summability of the remaining series for
b1− b
′
1 = b
′
2−m+1, only b
′
2 and d
′ definitely may be taken the complex numbers. Extension
problem to infinite series is open, since it is impossible to ensure the non-negative values of
the all denominator arguments of F 0:31:1 series (C2a)–(C2k) in the standard situation of the
SU(2) stretched 9j coefficients, with exception of special Kampe´ de Fe´riet series (with rather
complicated parameters and proportionality coefficient), which could be written instead of
(C1g).
Using the substitution (4.8) and different strategy for each mutual relation, we may
transform the double finite series (C2a), (C2d), (C2e), (C2g)–(C2i), and (C2k) into stan-
dard functions ΦA:BC:D, with partial cancelling of the q-phases of the proportionality coef-
ficients. Preliminary in these situations only qb
′
2 and qd
′
can always be replaced by the
complex numbers. Analogically, the double finite series (C2b), (C2c), and (C2f)–(C2j) may
be transformed into standard functions ΦA:BC:D after substituting ∓ → ± in the superscripts
of ∓FA:BC:D series and q
−1 → q in the corresponding q-phases.
Note, that the summable Kampe´ de Fe´riet series F 0:31:1 (that appeared in Refs. 16,17)
cannot be embedded into above presented versions of F 0:31:1 series, or be derived from the
expressions of the stretched 9j coefficients given in Sec. IV. Actually, expansion (4.1a) does
not simplify under condition a+ b− e = 0, but the ±F 0:31:1 series
16,17 appear from expression
(3.1a) in the doubly stretched case with a+ b−e = 0 and g = k+h, when 9j coefficients are
proportional to the Clebsch–Gordan coefficients. In this particular case of expression (3.1a),
we may also identify quintuplet of factorials under the summation sign in the numerator
and denominator and reexpand it using the Chu–Vandermonde summation formulas given
in Appendix B. As result of two alternative summations we obtain a 3F2[· · ·; q, x] series,
which is completely summable for k = b+ d.
Special cases of ±F 1:20:2 functions should be mentioned in context of the double sums (with
7 independent parameters) that appear in the extreme uq(3) canonical seed isofactors
34,58 and
as definite matrix elements of the uq(3) algebra (see Section 5 of Ref. 34) and are related
to some q-factorial series resembling the very well-poised 9φ8 basic hypergeometric series
[which for q = 1 are equivalent to the very well-poised 8F7(−1) classical hypergeometric
series]. Further, the extreme denominator (normalization) functions of the uq(3) and SU(3)
canonical tensor operators (with 5 independent parameters) may be expressed in terms of
±F 1:31:2 functions [cf. Eqs. (5.9c) and (5.9d) of Ref. 34, or Eqs. (3.7) and (3.14) of Ref. 59],
or in terms of ±F 2:22:1 functions [see Eq. (2.8) and Section II of Ref. 60, taking into account
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the definite controversies of the q-extension from the classical SU(3) case]. Besides, the
summation possibilities for these special Kampe´ de Fe´riet functions are elementary.
APPENDIX D: CLEBSCH–GORDAN COEFFICIENTS OF SU(2) AND UQ(2)
AND TWISTED VERY WELL-POISED SERIES
The very well-poised 6F5(−1) and 7F6(1) series appear in context of the Clebsch–Gordan
and 6j coefficients of SU(2) as presented in Ref. 41 (see also Ref. 3), as well as their q-
analogs in the CG (cf. Ref. 35, where the dual Hahn q-polynomials are considered) and 6j
coefficients (cf. Ref. 56) of uq(2).
We deduce here a new expression for the Clebsch–Gordan coefficients of SU(2) and uq(2)
directly from the recoupling relation:[
(j2 +m2)/2 (j2 −m2)/2 j2
(j2 +m2)/2 (m2 − j2)/2 m2
]
q
[
j1 j2 j
m1 m2 m
]
q
=
∑
x
(−1)j1+j2+j([2x+ 1][2j2 + 1])
1/2
{
(j2 +m2)/2 (j2 −m2)/2 j2
j j1 x
}
q
×
[
j1 (j2 +m2)/2 x
m1 (j2 +m2)/2 m
′
]
q
[
x (j2 −m2)/2 j
m′ (m2 − j2)/2 m
]
q
, (D1)
where m′ = m1 +
1
2
(j2 +m2) = m+
1
2
(j2 −m2). Inserting the stretched 6j and extreme CG
coefficients expressed without sums, we obtain the following expression,
[
j1 j2 j
m1 m2 m
]
q
= ∇[j2j1j]
(
[2j + 1][j2 +m2]![j2 −m2]![j1 −m1]![j −m]!
[j1 +m1]![j +m]!
)1/2
×q{j2(j2+1)−j1(j1+1)−j(j+1)}/2−m1j2−(j2+m2)(j2+m2+2)/4
×
∑
x
(−1)j1+(j2+m2)/2−xqx(x+1)[2x+ 1][x+m′]!
∇2[1
2
(j2 +m2), j1, x]∇2[
1
2
(j2 −m2), j, x][x−m′]!
, (D2)
where the right-hand side is related to the left-hand side of Eq. (6.4a) with parameters
p1 =
1
2
(j2 −m2)− j − 1, p2 = −m
′ − 1, p3 =
1
2
(j2 +m2)− j1 − 1,
p4 =
1
2
(j2 −m2) + j, p5 =
1
2
(j2 +m2) + j1.
Expression (D2) is invariant under 12 relations of the Regge symmetry, corresponding to the
permutations in the sets p1, p2, p3 or p4, p5. After expressing the CG coefficient of uq(2) by
means of Eq. (5.17) of Ref. 46 [which after some cyclic permutation, is for q = 1, related to
Eq. (13.1c) of Ref. 3], and using the symmetry relation (4.13) of Ref. 38 (which allows one
to interchange the parameters j2, m2 and j,−m in the CG coefficients), we derive our Eq.
(6.4a) straightforwardly. The remaining very well-poised series with different numerator and
denominator distributions of q-factorial arguments [e.g., the non-alternating left-hand side
of (6.4b) or the non-alternating right-hand side of Eq. (5.3) of Ref. 34 with p3 = −p2 − 2,
and their other analytical continuations] are not related to the Clebsch–Gordan coefficients
of uq(2), although sometimes they may be related to the CG coefficients of uq(1, 1).
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